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Abstract 

Instead of investigating the Willmore flow for two-dimensional, 
closed immersed surfaces directly we turn to its inversion. We give 
a lower bound on the lifespan of this inverse Willmore flow, depend¬ 
ing on the concentration of curvature in space and the extension of the 
initial surface, as well as a characterization of its breakdown, which 
might occur in finite time. 


1 Introduction 

The Willmore functional of a closed, immersed and smooth surface 
/o : S — y [R"" with induced area measure d/r = is given by 

H''(/o) - 1 

where denotes the mean curvature. Then the Willmore flow is 

the gradient flow of the Willmore functional, i.e. a solution 

/:Sx[0,T)^R" with /(•,0) = /o of 
a,f = -gradi.in/) = -i(AH + Q{A’')H) 

for some T G (0, oo] and an arbitrary smooth initial surface /o, see below. 

If additionally / : S x [0, T) —> IR"' \ {0}, we may consider the inverse flow 



Due to the fact, that the Willmore functional for surfaces is invariant under 
inversion, 

cf. proposition 113.61 the inverse flow satishes 

dJ = -^^{AH + Q{A^)H). 

This suggests to apply the techniques used by E. Kuwert and R. Schatzle [T] , 
which we strongly recommend to read beforehand, since therein all the basic 
ideas and methods are performed with less calculations. 

As our main result we give a lower bound on its lifespan, which depends on 
the concentration of curvature and the extension of the initial surface. 
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Theorem 1.1. For 0 < R, a < oo and n E N there exist 
5 = 5{n), k = k{n), c = c{n, R,a) > 0 
sueh that, if /o : S —)■ \ {0} is a elosed immersed surfaee satisfying 

sup / \A\‘^dii < S, 

xeR" JBpix) 


sup p 

xeR" 


P ^11/oil T,^(T.\ < R 


/ \V‘^A\^dp < a, 

iBpix) 

/0||L“(S) ^ 

for some p > 0, there exists an inverse Willmore flow 

/:Sx[0,T)^R"\{0}, fi;0) = fo 

with T > p~‘^c. Moreover we have the estimates 

sup P~^||/||l“(s) — 2-R and sup / \A'\^dp < kS. 

0<t<p~^c ^ 0<t<p“4c, xGR"/_B p(x) 

Theorem 1.2. For n E N there exist 

5 = 5{n), k = k{n), c = c{n) > 0 

sueh that, if / : S —> IR*^ \ {0} is a elosed immersed surfaee, 

Tfofl > 0 

maximal with respect to the existence of an inverse Willmore flow 

/:Sx[0,T)-^R”\{0}, /(•,0) = /o 

and 


sup 


\A\‘^dplt=o < as well as 


sup 


-1 


P 




< R 


xeR" JBp{x) 0<t<min{r^^,o,c^^} 

— 4 

for some R,p>t), we have and in addition 

sup / \A\‘^dp < k5. 

0<t< g~"^4 ,x€R’* 

Therefore, if an inverse Willmore flow breaks down in finite time T < oo, 
then it diverges or a quantnm 6 of the curvature concentrates in space, i.e. 


r(r) := sup{p > 0 | sup 


xGR" jBpix) 


\A\‘^dp\_t=TF: —> 0 as T T. 
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2 Basics 

Consider a smooth variation with normal velocity, i.e. 

/ : S X [0, T) ^ and C = = dtf. 

Let X, Y be tangential vectorhelds on S independent of t and $ a normal 


valued /-form along /. We collect some formulae. 

(Vxdl)(y, Z) = {VyA){X, Z), VH = -VM = -2VM° (2.1) 

K = \m"-\A?) = \\H?-\\Ar ( 2 . 2 ) 

R^{X, F)$ = A(e„ X)(A(e„ F), <h) - A(e„ V)(A(e„ X), $) 

= A0(e„ X)(A^(e„ F), <h) - A^(e„ V)(A^(e„ X), $) (2.3) 
dtP = -dtP^ = (Ve,F, •)€* + (e„ •)Ve,F (2.4) 

P{dt^) = -{Xey,^)e, (2.5) 

+ A(x, e,)(VeW, $) + VeW(A(X, e,), $) (2.6) 

(%)(X,F) = -2(A(X,y),F) (2.7) 

dt{dfi) =-{H,V)dfM (2.8) 

dtiVxY) = -((Ve,A)(X, F), F)e, -7 {A{X, F), Ve,F)e, 

- (7l(X,e,), VyF)e, - {A{Y,e,),VxV)e, (2.9) 

a,^A(X,F) = V|,yF-A(e„X)(A(F,e,),F) (2.10) 

= AF + Q(yl°)F+ii7(i7,F), (2.11) 

where by dehnition 

A^:=A-^gH ( 2 . 12 ) 

is the tracefree part of the second fundamental form A, 

Q(ylo)$ := yl°(e„ e,)( A°(e„ e,), 4>) (2.13) 


and V* is the adjoint operator to the normal derivative V = D-^, i.e. 

V*4> = -(Ve,4>)(e„ ...) = 
for any normal valued /-form along /. 
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Definition 2.1. Let ^ be normal valued multilinear forms along f. 
Then /et $ * ^ denote any normal or real valued multilinear form along f, 
depending only on $ and ^ m a universal, bi-linear way. 

For a normal valued multilinear form $ along f we denote by P™($) 
any term of the type 


3 The corresponding flow 

Let / : S X [0, T) —> \ {0} be a Willmore flow. 

By fl2.8p and fl2.1ip we derive for the variation of the Willmore fnnctional 

6W{g){u) = dtW{g+ tu)lt=o=^ j {^Hg + Q{Al)Hg,u)dpY.,g- 

J s 

Since for the inversion / : IR"' \ {0} —)■ IR” \ {0} : x —)■ 


nr nr 

%Aj 2 , Xi 


XkS^'^Xr 


dl{x) ■ dl\x) 


X 


\x\ 


\x\ 


+ XiXnS'^’'') + — ^XiXnXrXkS^'"^ 

\\x\r 


Ixll^ ^ llxll^ 


\x\ 


-id, 


(3.1) 


we obtain for the Jacobian of I^f, where I^f{x) := /(/(x)) for all x G S, 


JW) = ^det((i(Jj/)'^d(/#/)) = y/det^l^ = 
i.e. d^i^f = \\f\\-^dfif 

and, since P = id, i.e. id = d{P){x) = dl{l{x)) ■ dl{x) for all x G IR” \ {0}, 
||x||“‘^d/(/(x)) = ||x||“‘^d/“^(x) = dl'^{x). 
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By this and the invariance nnder inversion of the Willmore fnnctional, 
cf. proposition 113.61 we conclnde for arbitrary u G IR"^) 


=(d/(/) = {dtf,dI^{f)u)Li^{^) 

= (-c/radi 2 ^(s)Vh(/),d/^(/)M)i 2 ^(s) = -6W{f){dI^{f)u) 

= -6W{llm\f\\-^dimf)-u) 

= - d,WiIif + t\\f\\-%)U=o= -6WilM\\f\\~"^) 

Passing from Jjj/ to / we have to solve the qnasi-linear, parabolic 
forth-order evolntion eqnation 

dtf = -^(AiP + Q{A^)H), (3.2) 

to whose solntions we will refer considering the inverse Willmore flow. 


4 Evolution of the curvature 

For any normal valned /-form $ we dehne the cnrvatnre 

i 

R^{X, y)$ := R^{X, ..., W) - <h(Xi,..., R{X, Y)Xk ,..., W). 

k=l 

Using fl2.3p and the Ganss eqnation we dednce 

R^{X,Y)^ = A* A*^. (4.1) 

Proposition 4.1. Let ^ be a normal valued l-form along f. Then we have 
(VV* - V*V)$ = A*A*^- V*T, (4.2) 

where T{Xo, ...,Xi) = (Vxo<^>)(^i, ^ 2 , {Vx,^){Xo, X^, ...,Xi). 
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Proof. 

((VV - VV)<t).,_t, 





where the last equality follows by fl4.1l) . 


□ 


Taking <h = A in flT^ . we get by 


AA = V^H + A*A*A (A:=-V*V). 


(4.3) 


Considering V<h, where $ is a normal valued (/-l)-form in fl4.2p . we get 
A(V$) - V(A<h) = (VV* - V*V)V<h = A * A + A *VA * (4.4) 

For inductive reasons we need the following 

Proposition 4.2. Let ^ be a normal valued (l-l)-form along a variation 
f : T, X [0, T) —)■ [R” with normal velocity V = dtf and 6* : S x [0, T) —)■ IR. 
Ifdf^ + ^2$ = y, then T = V^ satisfies 

= Vy - VM^^ + 0 


i+j+k=3 


(4.5) 


+ V^ :t= y * <F + A * VV * <h. 


Proof. We use a local frame ei, 62 G T(0,1) independent of f, for which 
Vei = Ve 2 = 0 at a given point of E x [0, T). There we have for Xk G {ei, 62 } 


(a/-*)(A'i, ..., A,) = S,-^((V*'I>)(A'j...., A,)) 


I 



k=2 



={Vd^^ + A * vy * <F)(Ai, ..., Xi), 












for the second one fl2.9p 

i i 

d^Y.'^{X2,...,Vx,X,,...,Xi)=Y,P^HX2,...,dtVx,Xk,...,Xi) 

k=2 k=2 

I 

+ J2id^^){X2,...,Xx,Xk,...,Xi) 

k=2 

=(VA *V*^ + A*XV* <h)(Xi, ...,Xi). 

Therefore 

- vy = - v(0a2$) + xa*v + a*xv 

By flO|) we have 

0A2(V<h) - V(0A2<h) 

=M2(V<h) - 0V(A2$) - V0A2$ 

=0[A[A(V<h) - V(A<h)] + A(V(A$)) - V(A(A<h))] - V^A^^ 

=0[A(A *A*V$ + A* VA * $) 

+ A * A * V(A<h) + A * VA * (A<h)] - 

=9 V*A * V^'A * V^<h - V0A2$. 

i+j+k=3 

Collecting terms the proposition follows. □ 

To state the main result of this section, we dehne abbreviatively 

{i, j,k) e I (m) k e {1,3,5}, i<m + 2, i+j + k = m + 5. (4.6) 

Proposition 4.3. Under the inverse Willmore flow, i.e. solutions of fl3.2p . 
we have the evolution equations 

+ J!Aa"(V”/1) = Y1 V‘||/||'*»P^(/l). (4.7) 

{ij,k)£l{m),j<m+4i 

Proof. For m = 0 we obtain by (12.101) and (13.21) 

d^A = - + Q{A’’)H)) -At A* (1A(AP + Q(A'>)H)) 

= - l^V"(Aff) + ll/f P|(4l) + V||/||» » lPi>(A) + P3‘(71)| 

+ V"||/||’> * |Pf(yl) + P3"(7l)| + ||/||’>K(71) + PS(A)]. 
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Using fl4.3p and fl4.4p we derive 


\/^{AH) =V(V(A//)) = V[A(V//) + A* A*VH + A*VA* H] 
+ A * A * + A*VA*VH + P^{A) 

=A{AA + A*A*A) + P^{A) = AM + P^{A). 


Consequently 

alA = - 11Aa 2^ ^ ii/f ip|(/i) + p»(/i)| 

+ V||/||*»lPi>(^) + Ps‘(/l)] 

+v=ii/r*[-pi'(-4)+P3“(>i)i, 

which is the required form for m = 0. 

By fl3.2p and fl4.5l) applied to $ := 9 := we conclude inductively 

a^v”+M + 1 Aa=(v”‘+M) 

=v| v‘||/f »p'(/i)]-vJ!A,a=(v”M) 

+ VM* VM* V^(V™A) 

i+j+k=3 

+ VA * (^^(A/f + Q{A^)H)) * 

+ A * V(^^(Aif + Q{A^)H)) * 

E V*+^||/||Mp^(A) 

+ E V||/f»P^ + ‘(3l) 

(i,j,k)Gl{m),j<m+A 

+ \\f\nprHA}+pr\A)] 

+ Vll/ll® * [Pr+^A) + P^+Ha) + Pl''{A)] 

E V‘||/||**p'(y4). 

{i,j,k)£l{m+l), j<m+5 


□ 
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5 Energy type inequalities 

Proposition 5.1. Let / : E x [0, T) —)■ IR"" with V = V-^ = dtf, 

0 : S X [0, r) —?■ [R and $ a normal valued l-form along f, which satisfies 

= Y. 

Then for any 77 : S x [0, T) —?■ IR we have 
^ j ^V\^\‘^d^ + j {A^,A{er]^))dfi- j {Y,r]^)dfi 

= ej), i/)(<l)(ei,,..., e^,..., e^J, <l>(ei,,..., e^-,..., e*J)ci/i 

(5.1) 


k=l 


^ V)r]dfr + ]^\^^dtrid^i. 


Proof. Recalling fl2.8p we have, using summation over repeated indices, 
dt j = dt j ^77(<l)(eii,...,eiJ,<h(ei;,...,eiJ)dp 

= V)dfi 

+ / ■ ■ ■ ,ei^),dt{^{ei^,... ,ei^)))diJ, 

Jt. 

+ / vMei„ ... ,ei,),{d^<!>){ei,,... ,ei,))dfi 


k=l 


'Ik 5 




-{dtri-r]{H,V))\^\‘^dfr+ / r]{^,-9A‘^^ + Y)dn 


+ / h ej)($(eii,..., e^,,..., e^J, ..., e^-,..., ei^))d^l. 


k=l 


The claim follows from (12.71) and symmetry in ik,j. 


□ 
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Proposition 5.2. Under the assumptions of the previous proposition let 
6 = 9 ?^, rj = Y with 0 < 99,7 : S x [0, T) ^ [R and s > 4. 
Then we have for some c > 0 


s 

< I {A* ^ * ^,V)Ydir + I \^\‘^sY~^dt'jdii 
Jt. Jt, 

+ c [ 99^(/|V7|^ + s^7^|V^7|^ + 7 '‘[ + |VA|^ ] )Y~'^\^\‘^dfx 

s 

2/'IV7,„|2„,2 I „2, 2|V7„,|2^„,S-2|^|2, 


+ c j \Vip\\\Vip\Y + 


+ c / (5.2) 

JT. 

Proof. From the previous proposition, (I5.1|l . we infer 

< f {A * ^ * ^,V)Ydp + f |<Fps7^“^9i7(i/i, 

Jt Jt 

so that it will be sufficient to prove 


9j4|v2$|Y(i;n 


<2 / {A^,A{t Y^))dii 


+ c 99"^(s‘^|V7|^ + s^7^|V^7H7® '^A\‘^dp 


+ cJ |V(p|^(|V99|V + sV|V7r)7'"1^r^^/^ 


+ c / \vArAY\^rd^i + c |7i|^ + ivAi^ )7l<^'rc^h. ( 5 . 3 ) 

Jt Jt 
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Using Young’s inequality we get 


Js J'E 

+ 2 [ |v2$||v((/?V)l|v$M^+ f |v2$||$||v2(<^V)M^ 

Js Js 

< [ {V^^,V\ip^Y^))df-i + c [ |V^<l>||V(/?|(/7V|V$|ci^ 

JE JE 

+ CS / |V 2 $|(/ 7 ^|V 7 | 7 "-^|V<l>|d^ + c [ |V 2 <l>||$||VVl<^V^^Ai 

JE JE 

+ c [ |V2$||$||V(^|VVt^^ + cs [ \V^^\\^\\V^\ip^\V-f\Y-^dix 
Jt, J'E 

+ cs^ [ \V^<l>\mip^\V-f\^Y~^dfi + cs [ \V^<l>\\<l>\^*\V^-f\Y~^dfi 
Je Je 

< j {W^^,W\ip^Y^))dfi 

+ e [ <f*\V^<!>\^Ydfi + c{e) [ |V<^|VV|V$|"(i/i 

Je Je 

+ c(£)s^ / 7>^|V7p7^“^|V$pci^ + c(£) f \V‘^ip\‘^(p‘^Y\^\‘^diJ, 

Je Je 

+ c{e) f \Vip\‘^Y\^\‘^dfi +c{e)s‘^ f \V(p\‘^(p‘^\V'j\‘^Y~‘^\^\‘^diJ, 

Je Je 

+ c(£)/ f (p‘^\V'j\^Y~‘^\^\‘^djj, +c{e)s‘^ f ip‘^\V‘^'y\‘^Y~‘^\^\‘^dfi. 

Je Je 

Hence by absorption with £ = 4 






V2((/7V 

'E JE 

r 

|2 / 1 V7, ,|2 .,2 I „2, ,2 I v 7.,|2\.,s—2 1 ^ |2 , 


+ c |V(/?|"(|V(/?IV + sV |V7r)7 l^r^ + c/ |vviV7'l<^>r^ 
Je Je 


+ cJ (/?^(|V(/?|v + sV|V7r)7""1v$rh/i. 


(5.4) 
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In the last term we integrate by parts to get 


(|V(^|V + sVlV7r)7 |V<I>|^dp 

< - [ v9"(|Vv9|V + sV|V7r)7'"'(<^>,A<I))(i/i 

JT, 

+ c j |v<i>||<i>|[(p|Vv7|V + y^'|V(p||vVl7' 

+ V|V(pnV7|7"-^ + sV"|V(p||V7|V”' 

+ sV1V7||V27l7*”" + sV|V7lV"^] 

<e / + c(£) /(|V(p|^ 7 ^ + s^(p^|V 7 p)^ 7 ^“^|$|^c?p 

Js Jt, 

+ e f (y92(|V(p|V + sV'|V7n7'"'|V<I>|2rf/i 


+ c(e) J |<I>f [ |V(pP7^ + (/9^|V^(pf7® + s^(p^|V(pnV7f7’ 

+ s^93"^|V^7p7®“^ + s'^(p^|V7|^7'"“'‘] dfj,, 
so that we have by absorption 


2„,s-2 


f (p^(|V(pp7^ + s^(p^|V7p)7^ ^|V<I)prf/i 

Js 

<e [ /|V2<hp7"hp 

Jt. 

+ c(e) [ 93'‘(s^|V7|^ + s^7^|V^7H7®“^|<I)prf/r 

is 

+ c(£) |V(pp(|V(p| V + sV^|V7n7""^l*^’Pih 


+ c(e) [ iVMVYm^dfj.. 

Jt, 

Plugging fl5.5l) into fl5.4p yields by absorption with £ = y yields 


(5.5) 
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4 /v 


+ cy (/9^(s^|V7|"^ + s^7^|V^7p)7® 

+ c [ |Vv9|2(|V(/?|V + sV'|V7r)7*”'l<^>Pt^/^ 

Je 


+ c |V^(/?| </9 7®|$f(i//. 


(5.6) 


Next we compute using fl4.4p 




= {A^,A{(p^Y^))dl^+ {A*A*V^ + A*VA*^,Viip''Y^))dfi 

Jt. Jt. 

< j {A^,A{Lp^Y^))d^l 

+ c [ (pVlV|V4>|" + cs [ (pVriV7l7'”'|V4>||4>|rf/i 


+ c / (p''|Vv7P|V|V4>||$|(i/i + c / v?^|A||VA|7"|V4>||4>|rf/i 

is is 


+CS / (pVl|VA||V7|7"-'|4>ri//+c / (p"|V(pP||VA|7"|4)|"i/i. (5.7) 
is is 

Treating the second summand by integration by parts 


(p^|7l|V|V4>| 


<- / (y9^|v4|V(<^>,A<h)i// + c / (p"|7l||V7l|7"|V<h||4)|ip 

is is 

+ CS [ (pVnV7l7*”'|V4>||4)|d/x + c [ V(pP| VlV4>||4>|i/i 

is is 
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JT. JT, 

+ c(£) [ (^2(|V(^|V + sV'|V7n7*"'|V$|2rf^ 

JY. 

+ c{e) f ip'^\A\'^Y\^\‘^dn +c{e) f ip^\VA\‘^Y\^\‘^dn 

Jy Jy 


we obtain by absorption 


/ (p^|A|viv$r <£ / 

'y Jy 


+ c{e) J (p"(|V(p|Y + sV|V7r)7 


+ c(£) / ^*[\A\'+\VA\^W‘S>\‘d^. 

JY 


(5.8) 


The remaining terms in fl5.7p are estimated to 


s if^\A\^\V-/\Y \^^\\^\dfi+ / <^1V(p||A|V|V<h||<h|Y 

Jy Jy 

+ [ (pVl|V7l|7lV<h||$|Y + s [ (pVl|VA||V7|7"-Yl"Y 
Js -/s 

,3|V7,,| I /t I IV7 /t I,,S|^|2, 


cp^\Vip\\A\\VA\Ym^dti 


< I (pYlV|v$p 


+ c / (p2(|V(p|V + sV'|V7n7*”'|V$|Y 
Jy 

+ cs^ / 93'‘|V7Y^“^|$ Y//+ c / |V</9|'^7'^|<hYp 
Js is 


+ c y^(p^[iY + |vA|^]7YiY. 


(5.9) 
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Now plugging 05.91) into 05.7p . then using 05. 8 p yields 

V S V S s 

+ c(£) j (p2(|V(p|V + sV'|V7r)7*”'|V<h|'d/x 
+ c f (p^s^lV 7 |^ 7 *“"^|<hpdp + c [ \'Vif\‘^Y\^\'^dfj, 

Jt. Jt, 

+ c{e) / |A|"^ + |VA|^ ) 7 ®|<l'|^dp 

JT. 

<e [ (p^|V2<h|Vf^y«+ [ 

Jt, Jt. 

+ c(e) y (/ 9 "^(s^|V 7 |"^ + s^ 7 ^|V^ 7 |^) 7 *“'‘|<hpd/i 
+ c(£) [ |Vv9|"(|Vv9|V + sV|V7r)7'”'l<^>Pt^/^ 

JT. 

+ c{e) J I V^(pp</9^7^|d>pd/i 

+ c(£) [ /( |A|^+|VAn 7 *|<|.| 2 dp, (5.10) 

Jt 

where 05.51) was used in the last step. 

Inserting the above inequality 05.101) into 05.Op verifies by absorption with 
£ = A equation 05.3p . what completes the proof. □ 

We now apply the data of the inverse Willmore flow to this proposition. 
Therefore let 7 = 7 o /, where 0 < 7 < 1 and || 7 ||c 2 (r") < A. 

This implies V 7 = drfif) ■ V/ and V ^7 = ■ (V/ ® V/) + (Pf{f) ■ A, 

so that we have by this and 03.2p the (in-)equalities 

I 7 I < A, |V 7 |<A, |V^ 7 | < A(1 + |A|) for || 7 ||c 2 (r-) < A, 

v = a,f^ + Q(A’‘)H) = ||/||®( 7 (/ 1 ) + P°(A)), ( 5 . 11 ) 

da = <i7(/)(-fA(Air + QiAOjH)) = + P«(/l)). 

to which we will refer as 05.lip . 
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Proposition 5.3. For n,m,A>0 and s > 4 there exists 

c = c{n, m, s, A) > 0 

such that, if / : E x [0, T) —)■ IR" \ {0} is an inverse Willmore flow and 
7 = 70 / as in we have 


4/|v”4|V<;.+ 




< 




+ C 


'[7>0] 


+ll/ll V]|V"^A|^rf/x. 


Proof. Consider fl5.2p with <l> = V^A. From (14.71) we infer 

7 P = 2X||/||2atidy= E V-||/f *P'(A). 


{i,j,k)Gl {m),j <m+4 


By (15.111) we then have 


2{Y,^)Ydix+ {A*^*^,V)Ydn+ / |<l>rs7"“^ai7d/^ 


+ c / ip\s^\Vfl^ + s^j^\V^fl^ + jfl\A\^ + \VA\^])Y-^\<^fdfi 


(5.12) 


+ c / |Vv|"(|Vv|V + s"X|V7r)7*“1*|V;i + c / |VVIXVI«|V/i 

Js Js 


< 


E 


di rii8 a. pJ 


* Pl{A) * 


^ {i,j,k)Gl{m),j<m+A 


* V^A * {Pi (A) + P 3 °(A)) * $ 7 "d/i 


2 / \\f\m^Y-^dfl{f){AH + P!^{A))d^ 


+ c 


[7>0] 


(/A" + s^AV(l + |A|)" + + I VAn)7*->|^d;n 


+ c |V||/||r(|V||/inV + ^^A^II/llV-l0l> 


+ c 


4|v2||/|HV|<hrd/r 
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<f Y. Vil/f 

-''[7>0] 

where we made use of Young’s inequality with p = ^, q = j to estimate 

^ 11/11*141 Vd7(/)(P3°(^))<if‘ < c^>A ^ ||/||*|A| V-'|4r<i/i 

< [ \\ffP^(A),tYd^, + a*A^ [ ll/llV-lilU^. 

-7 S -7[7>0] 

For the second term we get by integration by parts and Young’s inequality 

V s 

<c.A / |V(||/in$|V-^)l|VA|d^ + c.A / ||/|n$|V-'|VA|d/i 

Js 

+ raA f ||/|r|4|V-'|A||Vyl|<if, 

<csA f ||/HV‘|VA||4yi,7 + csA f ||/||V-‘|VA||4||V4|d,, 

f ||/||V"|VA||$| 2 d^ + csA [ ||/||V^|VA||$| 2 d/i 
7s Js 

+ csA f ||/||V|A||VA||4|*d,, 

< / E ’ 7(A) * 47’<ifi 

^ {i,j,k)el{m), j<m+4: 

+ cs^A^ [ ll/ll 

7[7>0] 

+ csW^||/||S-*|4|*oi,, 

+ csW / ll/ll 

H-csW/ll/ll V-tV4|>, 
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since for 99 := ||/||®|$p7^ ^ > 0 

O^j g‘-‘Vt{~pd^U){V,H))dpL 

Js J'E 

= [ g^^^V,^■d^if)iV,H)d^^+ f g^'^g^d,{<Fi{f){V,H))dii 

J'E Je 

- f ^*’Vrt^^(/)(VfciJ)(i/i 

Je 

= [ g^’^V^ip-dj{f){V,H)dfi+ f g^’^^d^j{f){dJ,V,H)dg 

Je Je 

- f g‘JgicFi(m’‘j^tH)dg+ f g‘de<Fl(jmV,H)dg, 

Je Je 

i.e. with = d,V,H + g^'^{V,H, 4 ,^) 5 ^/ - Tl^VkH 

0= [ g^’^V,^-(P}{f){V,H)dfi+ [ g^’^^d^^if){dJ,V,H)dg 


g^'^^d^{f){V,V,H)dfi- / g^’^^d^{f){g^’^{V,H,A,,,)dmf)dfi, 


and hence 


— / ip(f)'(f){AH)dfj. <cA / \Vip\\VA\dfi + cA / ip\VA\dfj. 

tJ S V S V s 

+ cA / (^1 VA| |A|(i/i. 


By proposition 15.21 0 < 7 < 1 < A and Young’s inequality it follows 




< 


E 


|V 2 <h|Vf^A 

V*||/r*F^'(A)*<h 7 ^d^ 


{iJ,k)£l(m),j<m+A 


+ cs^A^ / ||/||V-lV«h|^dp + c / [s^A^||/||V-" +ll/llV]l<^>l>- 

Je Je 
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By integration by parts one obtains 

<\i ll/flV^KI^'^* + C / I S-A-II/II V- + S^A^II/IIS-" lIKprfA. 

^ JT. -/[ 7 > 0 ] 

Plugging in and absorbing we conclude 

I ^ |4|V<i(< + ^ ll/f |V=4| V<i/< 

<[ T, V||/f *P»(A)»4o.M^ 

+ cjl /A*||/||V-* + sV||/f7-2 + ll/llV 

The claim follows by Young’s inequality. □ 
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6 Estimates on the right hand side 

In this section we estimate the second term on the right-hand side of fl5.12p . 
This is unfortunately necessary, since t)e 

controlled trivially, when using Gronwall’s inequality. 

Proposition 6.1. For e,n,m, A > 0 and s > 2m + 4 there exists 


c = c(e, m, s. A) > 0 


such that, if / : S —)■ IR" is a immersion and 7 = 70 / as in H5.11\) . 
we have 



||/r|V"^A|V-^c^A 


<e 


\^rn+2A\ 


i=o ■ 


|Viyl| 27 ^- 2 (m-*)^^ 


+ c ll/llVlV-^^-V (6.1) 

7[7>0] 

Proof. The case m = 0 is trivial. Let m > 1. Applying corollary 113.111 with 
p = 2, k = 8, u = 0, V = 1 we obtain 

[ ii/inv<hiv-"c^/i <e [ ii/inv2<hiv-^^h 

Je 7s 

-fc(£,s,a) / (ii/in$iv-"+ii/in<i>iv-VA 

7[7>0] 

<E J \\ff\WA\^Ydi.^ 

+ e /(ll/f|V<*|V-"+ / ll/flV-SlV-MM 

7s 7s 

-fc(£,s,a) / (ii/in<i.|v-"+ii/in<i>iv-VA. 

7[7>0] 
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By Young’s inequality and absorption we derive 

/ ii/riv$iv-"rf/x <e / ii/inv^$ivrf/i 

JS is 

+f /'iii/ii'‘iv®iv + ii/ini>iv-'' w 

Jt, 

+ c{e,s,A) [ ||/|nd>|V-®^i/i. 

i[7>0] 

For m = 1 choose <F = A. For m >2 we argue by induction via 

f ii/inv™iiiv><^ [ ii/inv™+Miv^^F 

is is 

+ e / [ ll/riV^AI V + ll/r|V"^-^il| 

is 

+c(£,s,a) / ii/riv"^-^iiiv-®^^h 

is 

is is 

m „ 

i=0 

+c(£,.,a) / ii/inAiv-^”^-v 

i[7>0] 

Applying lemma fl3. Ill we derive 

[ m’‘\w*'A\^Y-‘d^i < [ ii/inv^+MiVrfA* 

is is 

+ c(s, A) /1 II/IIS-" + ll/ll lIV’Mpdfi 

< f ii/inv^+'AivrfA 

is 

+ c(s. A) / [ ll/KV- + ll/ll V 

The claim follows. □ 
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7 Estimates by smallness assumption, m=0 

Proposition 7.1. For n, A > 0 and s > 4 there exist 

c' = c\n) , c = c(n, s, A) > 0 

such that, if / : S x [0, T) —)• [R"" \ {0} is an inverse Willmore flow and 
7 = 70 / as in fIS.lip . we have 



Proof. Recalling (14.61) . (IS.llh and observing 


[ V\\ff*V^A*AYdir<c{n) [ | V'll/fl | |A|7^d/i 

s Js 

+ c(n) / |V||/in|VM||VA| 7 ^d/x 
Jt. 

+ c(n)sAj\V\\ff\\V^A\\A\Y-'d,i 


we obtain 


^ E '^'\\ff*piw*Ardti 


^ (j,i,fc)e/(o),i<4 



+ A*A*A*A*A* A]7® 

+ Vll/ll® * [VM >kA + VA>kA>kA* A]7" 

+ Vl/f * [VM *A + A*A*A* A]7* dir 


< c{n) ^ I[ ||/||7*|4|=> + II/II71 V4| 

+ sA||/||V-‘|4| + ll/HV|4r + ||/||V|4|| 
+ |V4ni/|[V|4|"+|VA|||/||V|4|= 


+ ll/ll V|A|» + II/IIVIAI" + Ii/Iivi^r 


( 7 . 1 ) 
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For the first summand in fl7.ip Young’s inequality yields 


_£|vM|[||/||Vl-4|=' + ||/HV|Vyi| 

+ sA||/H Wl + ll/ll V|Ap + II/IIVIAI ] 

<£/ii/invMiv<ifi 

+ c{e) j\VA\‘\\ft-fd,i. 

+ <:(£) /'|||/|lVl-4r + sV||/||V-VP 

+ 11/11^*1-41“+11/11 V|An<i#<. 

By analogous estimate of the third summand, i.e. 

[ |V7l|||/||Vl“4pd/i<c / |V7in|/||V^^h + c / WffYlAfdf,, 

Jy. Jy Jy 

and inserting in fl7.ip we obtain 

/ E ’ h(-4) » A7*<iM 

<e j Wmv^Aff'd^ 

+ c(n,e) /|V-4p[ ll/llV + ll/llVI+l“W< 

+ c(",c) /l ll/llVl-4|‘+11/11 Vl-4|“ + sW||/||V-t-4p 

+ \\ffY\A\‘ + \\fri‘\AfW 

<e j \\ff\V^A\h‘d^, + c(n,E) f ||/||Vl-4|«rfA 

JY JY 

+ c(n,e,.,A) [ [||/||V-"+ll/llV]l+4pd// 

J[7>0] 

+ c{n,e) j |v-4p[ II/IIV + ll/llVI+n^A*. (7.2) 
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Next we come to estimate the fourth summand above. 

[ |vAr[||/|iV + ll/llVl^lVh 

= - j {VA, A) * V[ II/IIV + II/IIV|.4|Vm 

- j {AA,A)[\\frY + \\ffY\A\^W 

<cjjvA\\A\i\\ffY+^mrY-' 

+ \\JtY\A? + ‘>M\ffY-^\AfW 

-2 [ \\ff7•{^A,Ay-d^, 

Jt. 

+ j \V^A\\A\l\\ffj‘ + \\ffY\Ay]d^, 

<e [ UflV^A^Yd^ + e [iVAflWfrY + WffYlAfW 

Js Js 

+ c(£) / [ ||/||V|2lp + sWII/llVVP 
+ ll/llV|2i|<' + sW||/||V-VlV/< 

<E [ \\ff\V^AyYd^i + E [\VAy[\\ffY + \\ffY\AyW 

JT, Jt, 

+ cie)[ ll/llVlV^/i 
Jt. 

+ c(£,s,A) [ [||/||V^ + ll/llV]|24|V 

-'[7>0] 

Absorbing and plugging into fl7.2p we conclude 

/ E 

(i,j,k)ei{o),j<4. 

<e [ ||/r|V^A|V^^h + c(n,6) / 11/^24^^^. 

Jt Jt 

+ c{n,e,s,A) f [ ||/||V^ + ll/ll 

2[7>0] 

Applying this inequality to proposition 15.31 fl5.12p proves the claim. □ 
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Proposition 7.2. For n, A > 0 and s > 4 there exist 

So = eo{n), Co = Co(n, s, A) > 0 

such that, if / : E x [0, T) —)■ IR" \ {0} is an inverse Willmore flow, 
7 = 70 / as in (15.111) and 

sup / |A|^(i/i < £o) 

o<i<r j[ 7 >o] 

we have 

^ |A|27*rf/i + ^1 V^AI Vd/i dt< |A| Vc(/iLt=o 

+ '^0^®‘'^P^(ll/llV([7>0]) + Il/lli2°([7>0])) ■ 

Proof. We estimate by lemma 113.81 

[ ii/inAiVrf/i= [ (ii/ri4iiV)^rfA 

<C[/ ||/f|^|Vrf/i+ [ ||/||VriVA|7^rf/i 

Js Js 

+ «A / ||/r|A|^^rfA+ / II/IIVIV^A]^ 

Js JS 

<c [ \A\^dfv[[ \\f\f\A\\^dfi+ [ ||/||VriVA|VrfA 

./[7>0] JE JS 

AS^A^ f ||/inA|V-^rfA+ / ll/riAlV^A^]. (7.3) 
Js Js 

By integration by parts we get using ||/||^(A, VA)^ 7 '^ > 0, 

/ ||/||VriVA|V^^A<c/ \\mAf\VA\Ydfv + c [ \\ff\A\^\V^A\Ydfr 

+ csA^||/inAnVA|7^-> 

[ ||/||VriVA|VciA + c(e) [ II/IIVIV^A 

Js Js 

+ c / ll/inV^AlVc/A^ + c / II/IIVIV^P 

+ c(7sW/||/|nyl|V-''<i#<. 
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i.e. by absorption and Young’s inequality 

[ ii/iivrivAivrfA^ <c[ ii/rivMivd/r+c/“ ll/ll VI Vrf/i 

•J S V S V s 

+ VA) / [||/IIV-V||/||V]|A|V. 

j[7>0] 

For the remaining summands in 07.31) we have 

[ ii/iivrvh+^^A^ / ll/ll VIV-V+ / ll/ll vrvh 

<c [ II/IIVISV + VA) [ [||/||V-V||/||V]|A|V. 

Applying these inequalities to 07.3p we derive 

[ ll/llvr7v<c [ iAiv 

Jt> J [7>0] 

I f ll/riV".4|V<iM+ [ 

Jt. Jt. 

+ VA) [ [||/||V-V||/||V]|A|V]- 

-'[7>0] 


Hence 

[ ii/iivr7v<^ [ ii/inv^Aivdp 

Js 7 e 

+ V.,A) [ [||/||V-V||/||V]|ArV (7.4) 

~'[7>0] 

provided, that < h(e) is small enough. 

Applying this inequality to proposition 17.11 with e = we conclude 

<c(«,s.A) f |||/||V-‘‘ + ||/||Vl|.4|V 

~'[7>0] 

The proposition follows by integration. □ 
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8 Estimates by smallness assumption, m=l 


Proposition 8.1. For n, A, R, d,T > 0 and s > 6 there exist 


El = £i{n), Cl = Ci(n, s, A, R, d, r) > 0, 

such that, if / : S x [0, T) —)■ [R” \ {0}, 0 < T < r, 
is an inverse Willmore flow, 7 = 70 / as in fIS.lip and 


sup / |Ap(i/i < El, 
0<t<T J[i>0] 

i2°([7>0]) < 


sup 

0<t<T 

rT 


'0 ./[ 7 > 0 ] 

rT 


V^Afd^dt < d, 


ll/ll M\L^{[^>o\)dt<d, 


we have 

sup /'|VAp 7 ®(ip + 
o<i<r Jt, 



V^A|Vrf/irft<ci(l+ / |VA|Vc^ALt=o)- 


0 JT. 


Proof. For abbreviative reasons let Ci = Ci(n, s, A, R). We will show 


Z / V‘||/r*Pi(7)*V77V^ 

< j 

+ci(i + [ ii/r+II ii/rAiii.([^>o])) 

-'[7>0] 


{1 +J\VA\^Ydr). (8.1) 

Applying this inequality and proposition 16.11 with e = A to proposition 15.31 
we obtain 

^ ^ IVApYdt^ + ^ ^^1 VM| Vtii* 

<ci(i+ [ ii/invMp<i;i,+iiii/ryiii7„^,„ii)(i+ f \vA\Y-dr), 

JhX)] JT. 

what proves the proposition using Gronwall’s inequality, cf. lemma 113.11 
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For the reader’s convenience we perform this argument. First we have 

|(1+^ |V/1| 

<fi(i + f ii/invMi=<i;i,+II ii/r/iiiij.|h>„,i)(i + / iv.4iv<i#<). 

>/[ 7 > 0 ] Jt. 

Integrating and applying Gronwall’s inequality we obtain 

1 + j \VA\^Ydfi 

Jt, 

<{l+ [ \VA\^Ydfi[t=o)e^dr+2d)_ 

Jt. 


It follows 


sup / \'VAfYdfJ.<c{n,s,A,R,d,T){l+ / \'VAfYdfJ^[t=o)- 
o<t<Tjs Ji: 


Secondly we derive by integration and the already proven estimate 


£ jJ^\V^A\‘^Yd^^dt < ^ \VA\‘^Ydfi[t=o 

+ ci(l+ sup [ \VA\‘^YdfJ-) 

0<t<T JS 

/V + / \\ff\V^A\^df, + II ll/fAlli ([^> 0 ])) dt 

Jo ^[ 7 > 0 ] 

< J I VA|^ 7 ^(i/i[f=o+c(n, s, A, i?)c(n, s, A, i?, d, r) 

{1 + [ IVA|^7®d^Lt=o)('r + 2d) 

Jt. 


<c(n, s,A, i?,d,r)(l + j |VA| Vf^hb=o)- 


This establishes the required estimate, provided, that flS.ip holds true. 

To show fIS.ip we give adequate estimates for each term of the sum on 
the left hand side in flS.ip . 
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• A; = 5, j = 1, i = 0 


For this case we start estimating by lemma 113.81 and Holder’s inequality 

/ ll/ll /(ii/riHnvAM)^d/i 

Jt. Jt. 

<£[/ \\ff\A?\VA\^id^,+ f \\f\\‘\A\\VA\^^id^, 

Jt. Jt 

+ [ ||/||VnvM|7^d/x + .A / ll/ll VriVA|7^d/r 

Jt Jt 

+1 \\fM\^A\jid^]^ 

<c f \A\'^dfi 
J [7>0] 

[/ ||/f|AnVA|Vd^+ [ ll/flVHlV^h 

Js Js 

+ f \\ff\A\^\V^A\^Ydi, + s^A^ [ ||/r|HnVA|V> 

Js Jt 

+ j \\fr\A\‘\VA\^Ydi,] 

<c f \A\‘^dti 

J [7>0] 

[f ii/inHnvHivrfh+ f ii/rivHiv^h+ [ ii/nvHivc^h 

tJ S fJ S v s 

[ \\mA\^d^^+ [ ii/inAriv^Aiv^h]. 

J [7>0] J S 

By integration by parts 

/ll/flvAiS-rfM 

<c ! WfWYWVA^Y’d^ + c j \\ff\A\\VA';‘\V^A\Yd^ 

Jt Jt 

+ csA [ ||/r|A||VA|V-Mp 
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[ ||/r|VA|V^/i + c(e) [ ll/llVnVAlV^/^ 

Jt, Js 

+c(£) / ii/iivriv^Aiv^/i+c(£)/A^ [ ii/iivr^A, 

-Vs --'[7>0] 

i.e. by absorption and Young’s inequality 

I ll/ll®|V4|V<iA> 

<c f ll/ll vriv^iVdA^+c / ii/inv^iVrfA- 

+ cs^A^ / ll/flAI^ + c / ll/inAnV^lV^/^- (8.2) 

[7>0] S 

Inserting this inequality yields 

|j|/|ivnvyl|v<i/i 

<c [ |7pd,,[ / ll/f lAItV^IVrfM + o-aY ll/flAI-rf,* 

./[7>0] ./S J[7>0] 

+ [ ||/r|VA|V^/i+/ ll/llVnV^AlV^^]. (8.3) 

JE JE 

Next we have 

/ ii/inAnvMiVc^M= /(ii/riAiiv^Ai7t)2dp 

JE JE 

<c[/|l/f|A||VM|7it/A+ /||/||*|VA||VM|7i<;;< 

JE Js 

+ / ||/r|A||V^A|7tdp + .A [ ||/r|A||V^A|7^dp 
je je 

+ ^ll/ll‘‘|AnvM|74<iMl" 

<c[ |A|7iM/|l/inV’A|VrfA + ^>W / ||/f|VM|=d,, 

[7>0] ./ E ./ [7>0] 

+ [ ii/irivMivc^^+ [ ii/inAnv^Aiv^/i] 

Je Je 

+ c [ ll/inV^AI^ [ \VA\^Yd^^. (8.4) 

J [7>0] J S 
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By integration by parts we have 


/ \\ff\VA\\V^A\Ydfi + c / \\ff\VA\\V^A\Ydfi 
's JS Js 

+ csAjjmVA\\V^A\Y-^dfi 


<e / ||/|nvM|Vrf/^ + cs^A^ / ||/inV^A|> 

J [7>0] 

+ c / WmV^Al^YdfJ. 

JT. 


+ c{e) / ||/r|VA|Vrf/i. 
Js 


(8.5) 


Absorbing and inserting fIS.Sp in 08.41) we obtain, since |Apd/i < ei, 


<c / / ||/||8|V^A|V^^h 

It, >''[ 7 >o] Jt 

+c£ii/inv5iiv<ifi 

+ c [ \\ff\V■^A\■^d^, [ \VA\^Yd^, 


2 a2 


+ cs^A 


'[7>0] 


Inserting finally 08.6p in 08.Sj) we derive 




( 8 . 6 ) 




<c / |Apd/i 

i [7>0] 

[/ ii/riAnvAivrf/^+ f 

Jt Jt 


+ jjmVA\^Ydfi + 

,2 A 2 / 




+ s"A" 


[7>0] 


2 „,8 ^,, I / |U||8|v72 /I |2 

J [7>0] 

®|VMpd/i + /A^ 






[7>0] 
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Since \\ff\A\^dfi < c|| \\f\\^Ml^([^>o]) + c(/[^>o] we conclude 

<c f \A\^df,l[ \\ff\A\*\VA\S‘d^+ [ \\ff\V=‘A\h‘d,i] 

~'[7>0] Jt. Jt. 

+ ci(i + [ wmv^Ai^df,+ II ii/rAiii.[,>o])(i + [ ivAi 
j[7>0] Js 

Consequently 

Jjff\Af\VAfj‘dp. 

<E [ ll/f |VM|V«< 

Jt. 

+ c{e, ci)(l + [ \\ff\V^A\^d^, + II ||/rA||i.([^>o])) 

J['y> 0 ] 

{1 + jjVAl^Ydfi), (8.7) 

provided, that ^ 

• A; = 5, j = 0, i = 1 
By Young’s inequality we have 

/ ii/iri7inv7ii7*d/x<c/" ii/iivrivAiv^h+c/ n/inAiv^/.. 

tj S V S V s 

From lemma [T3.8I we infer 

f ii/in7iiVc^/i= [ (ii/in7iiV)^^h 

Jt Jt 

<c[/ ii/iri7iiv^h+ / ll/ll vrivAi7^d;u 

Jt Jt 

+sA [ \\fr\Af^^d^^+ [ 

Jt Jt 

<c [ \A\^df,[[ ii/inAiVc^h+ [ iwfr+s^AW)\A\^dti 

-.'[7>o] Jt J[7>o] 

+ [ ii/riv7iivrfh+ [ ll/ll vnvAiv^h]. 

Jt Jt 
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Since \A\^d^ < ei we obtain by absorption 

f ||/|n^|Vrf^<c /“ \\fr\A\^\VA\^Yd^^ + c^{l+ j \VA\^Yd^i). (8.8) 

•J S •J ^ J s 

Reinserting we conclude by fl8.7p 

/ \\f\\M?\^A\Yd^^<c j ||/||VnVA|V^/^ + ci(l+ [ iVAlV^/i) 

K/ s V s V s 

<■; f ll/f|vM|V<i/< 

+c(e,c,)(i+ [ ii/invMi^<i,*+iiii/r.4iii„„,^„i,) 

{1 + IjVAl^Yd^), 

provided, that \A\'^dfi < h(e). 

• /c = 3, j = 3, z = 0 
For the hrst term we have 
[ \\fr\A\^\VA\\V^A\Ydfi 

JY. 

<e [ \\ff\V^A\^Ydfi + c{e) [ ||/||VllVAlV^h- 

Jy Jy 

Apply (18.7p to obtain a suitable estimate. Next 

f \\mA\\vA\^\v^A\Yd^, <cf ii/inv7iiv^p+c/‘ ii/inAnv^Aiv^h- 

tj S «/ S V s 

Using fl8.2p in a hrst step, then applying fl8.6l) we derive 

c / ii/rivAivc^h+c / ii/iivriv^Aivd^ 

Jy Jy 

<c [ lApd/i / ii/inv^Aivdp+c / ii/iivrivTiiv^i/i 

./[7>0] ./s Js 

+ c / ll/riVAlV^i/i + c [ WmV^Al^dfj. [ iVAlVdp 
2s 2[7 >o] 2s 

+ cs^A^ [ \\fr\A\^df, + cs^A^ [ ll/nvMpd^, (8.9) 

2 [7>0] 2 [7>0] 
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hence by ([H2I) and \\f\\^\A\^d^ < c|| ||/f \A\^dfif 

I \\ff\A\\VAf\V^A\Ydl-i 

<e [ ||/inv’^|Vdf< 
ds 

+c(e,cO(i + [ ii/inv2Ai>+II ii/rAiii ([^>0])) 

J[7>0] 

(l + ^|VA|V^/i), 

provided, that /[^>o] \A\‘^dfi < S{e). 

For the last term of this case, i.e. ||/||®|apply fl8.9p and (18.71) . 

• k = 3J = 2,i = 1 

By Yonng’s inequality we have 

[ ||/|n7inV7l||V^7l|7*dp+ [ ll/llVllVTllV^h 

js Jt. 

<c [ ii/riTinvAiv^^h+c / ii/invAiv^h 

Jt. Jt 

+c [ ii/iivriv^Aiv^^h 

Jt 

<c [ ii/rivAivcih+c [ ll/ll vnvAivc^h 

Jt Jt 

+c [ ii/riTinvMiv^^h+c / ii/rivAiv^h- 

Jt Jt 

Apply (18.9p and (18.7|) . 

• k = 3J = l,i = 2 
Apply (18.7p to 

jj\\ff + \\mA\)\A\^\VA\h‘d,, 

<c [ \\fM\VA\h-diJ. + c [ ||/||‘‘|V.4|V<i#<. 

Jt Jt 
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• k = 3,j = 0,i = 3 
By Young’s inequality we have 


^(ii/f+ ii/in-^i + ll/ll +ii/iriv4i)i>inv/ii7v,. 

<C / \\ff\A\*\VA\^Yd^, + c [ \\f\\*\VA\^Yd^, 
Js Js 

+ c [ \\fr\A\^d^^ + c [ WfMYdfi. 

J [7>0] J S 

Apply fl8.8p and (18.71) . 

• /c = 1, j = 4,z = 1 
We use integration by parts to derive 


V||/f * 


72|| .fllS 




s 

s-i. 


-s / V||/f * VM* VA* V 77 ""Mp 


<c(n) Jj.\\f\f + |l/ir|. 4 |)|VA||VM|TV^ 

+ c(n) f ||/ir|VM||V=>/l|7-dM 
+ c(n)sA f ||/|r|V/l||VM|7-n,< 

JT. 

<e f \\mV^A\^Ydi^ + c{n,e) [ H/flVAlV^^ 

Js JT, 

+ c(n,7 [ \\fr\A\^\VA\^YdfJ + c{n,8) [ ||/|n 

JT JT 

+ c{n,8)s^A^ f ||/|nVA|V->- 

JT 

By Young’s inequality we have 


[ \\fr\A\^\vA\^YdiJ <cf ii/riAnvAiv^/i+c/ ii/rivAiv^/^- 

«/ S «/ S t/ s 


37 





Furthermore we use corollary 113.Ill to derive 


[ ii/irivMiv^h+^^A^ / ii/rivAiv-^rfh 

Jt. Jt. 

<e [ \\ff\V^A\^Ydf^ + cie) [ H/f |VA|Vc/^. 

+ c(e,s,A) J ll/f 

<e [ \\mV^A\^Ydfi + c{e) [ H/flVAlV^h 

Je Jt, 

+ « f ||/f|VM|V<ifi 

+ c(e.i,s,A) [ (ll/r+ll/iniAl'^, 

-'[7>0] 

i.e. by absorption 

[ ii/inv^Aiv^h+^^A^ [ ii/rivAiv-^rfh 

Je Jt 

<e [ \\ff\V^A\^Ydfi + cie) [ ||/r|VA|V^h 

Jt Jt 

+ c{e,s,A) [ {\\fr + \\m\A\^d^,. 

Inserting yields 


/ Vll/ll®* VM* 

Jt 

<e [ \\mV^A\^Ydi^ + c{n,e) [ \\fr\A\^\VA\^Ydf^ 
Jt Jt 

+ c(n,e) / ll/riVAlV^h 
Jt 

+ c{n,e,s,A) [ i\\ff + \\ff)\A\^d^^. 

Jb>o] 

Apply (IH2D. 


( 8 . 10 ) 
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• k = IJ = 3,i = 2 

By Young’s inequality we have 

^(11/11'+ll/HVl)|V/l||V=/l|7V^ 

<Y||/f|VM|V(i(‘ + c(E) f \\fr\VA\-^Ydli 

Jt, Jt. 

+c(e) [ ii/iivrivAiv^^h 

Jt, 

<8 [ \\mV^A\^Yd^^ + c{e) [ ll/inAnV^lV^h 

Jt Jt 

+ c(s) j \\fr\VAfj‘d,i. 

Apply in. 

• k = l,j = 2,i = 3 

jjWff + ll/ll‘|A| + ll/iriA|" + |l/ir|VA|)|VA||VM|y<ip 

<c [ ii/invM|Vp+c [ (11/11=+ii/r)ivyiiv<ip 

J [7>0] J S 

+c[ ii/iivriv^Aiv^^h+c / ll/ll vnvAivrfA/ 
Jt Jt 

+ cf \\mVA\^Ydf^ + c [ ll/inv^AlVc^h- 

Jt Jt 

Apply fl8.9p . fl8.7p and fl8.10p . Collecting terms we conclude 

E /v||/r*Pi(A)*VA7Vp 

{i,j,k)£l{l),j<5 ^ 

<7ii/li’’|v=Ainp 

+ c(e,c.)(1+ [ ll/ll’’|V=A|np+||||/rA||t„,[,^„„) 

(1 + / |Vy4| 

Jt 

for /[^>o] < 6{e,n) small enough. Choosing £ = proves fl8.1l) . □ 
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9 Estimates by smallness assumption, m=2 


Proposition 9.1. For n, A, R,d,T > 0 and s > 8 there exist 

82 = e2{n), C2 = C2(n, s, A, R, d, t) > 0, 

such that, if / : S x [0, T) —[R” \ {0}, 0 < T < r, 

is an inverse Willmore flow, 7 = 70 / as in fIS.lip and 

sup / \A\‘^d^ < 82, 

0<t<T J[7>0] 

sup ||/||l-([7>o]) < R, 

0<t<T 

sup / |VApd/i < d, 

0<t<T J [7>0] 

[ [ \\f\\^\'^’^A\'^dfrdt<d for k = 2,3 and 

Jo i[7>0] 

rT 

I|4v7fc A l|4 


'0 


<d fork = 0, 1, 


we have 


sup / |V^A|^ 7 ^rf/i+ / / ||/||®|V'^Ap 7 *rf/irft < € 2(1 + / |V^A|^7®(i/i[t=o)- 

o<f<rJs JoJt. Jt. 

Proof. For abbreviative reasons let C 2 = C 2 {n, s, A, R, d). We will show 


E 


{i,j,k)£l{2),j<6 

< 


is 16 
+ C 2 (l + 


*Pl{A)*VAYdia 
VMph/i 


|V2A|>+ / \\f\f\V^A\^dfi 

h7>0] >^[7>0] 


^V^IlV([7>0])) 


(1+ / |VM|V^i/i). (9.1) 

Jt. 

Applying this inequality and proposition 16.11 with e = A to proposition 15.31 
prove the claim using Gronwall’s inequality, cf. lemma fl3.II 

To show fl9.ip we give adequate estimates for each term of the sum. 
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• k = 5,j = 2,i = 0 
By lemma 113.81 we estimate 


/ ii/inAnvMivrf/i= /(ll/ll 

Jt, Jt, 

M[ \\!f\A?\V^A\^i<il^+ j W\A\\VA\\V^A\^i dp. 

J'E Jt. 

+ [ \\mA\"\V^A\jUf^+sA [ ll/llVnvMly^d^ 
Jt Jt 

+j \\fr\A\^\^^A\jidp]^ 

<c f \A\‘^diJ. 

J [7>0] 

[/ ll/ll vriv^Aiv^^/^+ [ ii/iivriv^Aiv^A^ 

Jt Jt 

+ s^A^ [ ll/llVnvM|V-^rfAx+ [ \\fr\A\^\V^A\^Ydl^] 

Jt Jt 

+c [ ll/llvriv^r^/u / \v^A\^Ydfi 

^[7>o] Jt, 

<c [ \A\‘^dfj. 

J [7>0] 

[/ \\mA\^\v^A\^Ydfi+ [ ll/ll 

Jt Jt 

+ / ii/rivMivci/i+^"A" [ ii/riv^Apd/i] 

Jt, Jh>o] 

+c[ II ii/rAiii ([^> 0 ]) + ([ \vA\^d^r ] [ ivMiv^/i. 

./[ 7 >o] Jt 

Since |Ap(i/i < £2, we obtain by absorption 
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ii/riAnv^i<c / \A\^d^^ / ii/inAhv^ivc^/^ 

J [7>0] J S 

+C2(i + [ ii/inv^Ai^rf/z+II ii/rAiii.([^>o])) 

J [7>0] 


(1+ / \V‘A\‘Ydp.). 


(9.2) 


Next we have again by lemma 113.81 


\\mA\^\V^A\^Ydfi= I (||/r|24||VM|7t)^h/i 


4| A IIV73 /I 


<c / \A\^d^l ll/riV^yllV.iA* + / ll/invMpdM 


'[7>0] 


'S 

73 A |2, 


+ / ||/inV^Arh/.+ / ll/llVriV^AlVc/A.] 


+c ii/invM|> / ivAiv^. 


(9.3) 


J [7>0] 

By corollary 113.111 


' [7>0] 


6|v324iv^i/i<£ / ii/invMiv^h+c(£) / ii/rivMiv^^/^ 


+ c(6 ).2 a2 / ll/iriV^AlV^c^/i 

JT, 

'mil 
's 


<£ / ||/|nV^A|Vc^/^ + c(e) / ll/riV^lV^A 


+ c(£)s^A^ / ll/flVMprfA^. 


(9.4) 


[7>0] 


Applying this ineqnality to (I9.3p we derive by absorption 

[ ii/iivrivMivcip < c [ \A\^df, [ ii/inv^A^dp 

JS -'[ 7 > 0 ] 


+ C 2 ( 1 + / ||/|nV^A|^d/r+ / ||/|nvM|»(l+ / IVMIV^a). 


[7>0] 


[7>0] 


(9.5) 
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Inserting fl9.5p in fl9.2p we conclude 


<e j yt\V*Afd^ 

+ c(£,C2)(1+/ \\ff\V^A\%,+ [ ||/|nv’^|> 

J [7>0] J [7>0] 

+ 11 ll/r^llVa 7 > 0 ])) 

{1 + J \V^A\^Ydfi), (9.6) 

provided, that lApdp < h(e). 

For the next term to be considered we have by Young’s inequality 

[ll/flApIVAyV^Aydfi 

<c f ii/fiAi-ivMivdfi+c f ii/ri/inv.4iv<i#<. 

Je Js 

We estimate by lemma fl3.8l 

[ ll/ll vnv2iivcih= /(ll/ll viivAiV)^rfh 

js Jt, 

m[ ||/||=‘|/i||V/i|yid,.+ [ ||/||*|v^iy’4‘ 

Js 9s 

+ [ \\mA\\VA\\V^A\jidft + sA [ ||/r|A||VAp7^d/x 

9s 9s 

+ f ll/ll 

9s 

<c [ iVAI^d/i 

9 [ 7 > 0 ] 

[f ||/r|.4nv7|V<iM+ f \\ff\VA\‘Yd^ 

Jt. Jt. 

+ [ ii/iivrivMivc/h+^^A^ [ ii/iivriv9iiv->] 

9s 9s 

+ c [ lApdp [ \\f\f\A\^\VA\^Yd^^. 

-9[7>0] JTi 
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Hence by Young’s inequality 

[ \\mA\^\VA\^Yd^^<ie + c [ \A\^df,) [ \\mA\^\VA\^Yd^^ 

Jt. >''[ 7 > 0 ] Jt. 

+ cj\\f\\’‘\AnV^-A\^-Yd^^ 

+ c(e.s,A)(l + (/ \VA\'‘dpr-) 

-'[ 7 > 0 ] 

[/ \\mA?d^^+j ii/rivH|V/. 

-/[ 7 > 0 ] ^[ 7 > 0 ] 

+ [ \\mv^A\^d^^+ [ wfim^df,]. 

J [ 7 > 0 ] J [ 7 > 0 ] 

Absorbing, \\ff\VA\^dfi < c|| ||/f \VA\‘^dfi)‘^ 

and fl9.6l) yield an adequate estimate. 

• /c = 5, j = l,z = 1 

Clearly 

[ \\fr\A\^\VA\\V^A\Ydfi 
Jt. 

<c [ ii/inAnv^Aivc^/^+c [ ii/iridinvAivrf/^- 

Jt Jt 

By lemma fl 3 .81 we derive 

[ ii/indinvAivrf/i= /(ii/f i^nvAiytfd/i 

Jt Jt 

<c / |Ap(i/i 
J [ 7 > 0 ] 

[f ll/llvnvAivd/i+ [ ii/irivA^d/i 

«/S '/[ 7 > 0 ] 

+ [ \\mA\^\V^A\^Ydfi + s^A^ [ WmVAl^dfj] 

Jt Jb>o] 

+ e j \\ff\A\'\VA\-^Ydl^ 

+ c(,e){[ \VA\%.)‘ [ \\fr\VA\‘Yd^.. 

J [ 7 > 0 ] J S 
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Absorbing and reinserting we conclude by Young’s inequality 

j yt\AnvA\\s/^A\j-d,i 

<c/ll/fW‘|vM|Vi;< + c2(i+ [ IvMiVrffi). 

Js JT. 

Apply (|9^ . 

• /c = 5, j = 0, z = 2 
First we have 

^(ii/r+ii/nvDi^nvMivdf, 

<c [ \\ff\A\*\V■^A\y‘d^, + c [ ll/llViSVfi + c [ \\ff\A\y‘d^,. 

Jt, Jt, Jy. 

By lemma fl 3 .81 we estimate 

f ll/ll vivrfh= / (ii/iri^iV)^«?h 

Jy Jy 

<c[/ \\f\\\Af'j^d^i+ f ll/inAHVAlyfd/i 

JY JY 

+ sA [ \\ff\A\S^df,+ [ ll/llVlV^h]^ 

Jy Jy 

<c [ iVApd/z / ||/r|A|Vcih 

c j |A| dfji 
J [7>0] 

[f ii/iHaiV^p + .^a^/“ ||/riA|V-^c/p+ [ ii/iiVlVrf/^] 
<is + c [ \A\^df,) [ II/IIVI+ c( / 

2[7>o] 2 s 2[7>o] 

+ c(£)[(/ |VArdp)2 + /A^] [ ||/r|A|>, 

2[7>0] 2[7>0] 

i.e. fj. ||/||'^|A|® 7 ®( 2 p < C 2 by absorption. 
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Similarly 


[ ll/ll VI [ (ll/llVIV)V 

Je Jt, 

v/ ll/ll VI v^/i+ [ ll/ll vnv^i7^^/i 

7s 7s 

+ sA / ll/ll VlS'^rf^A / ll/ll VI 

7s 7s 

<c [ iVApd/z [ II/IIVIV^A 
7[7>o] 7s 

-{-cl |A| djjj 

7[7>0] 

l/ + /'||/f|7|S'“"<iA+ /||/f|A|V<iAl 

7s 7s 7s 

v^+ [ lAlV) / ||/||VlSV + c(/ lAlV)^ 

7[7>o] 7e 7[7>o] 

+ c(ir,s,A)|(/ |VA|=<i^)’+/A« I / 

7 [7>0] 7 [7>0] 

where Young’s inequality with p = \, q = ^ and 6 = y + | was used in the 
last step. Hence we conclude 

[ ||/r|Hr7V+ [ ||/||VI^V<C2 (9.7) 

7s 7s 

for |Apdp < £2 sufficiently small. 

Inserting and applying fl9.6p yields the required result for this case. 

• A; = 3, j = 4, -i = 0 
First we have 

f ||/f|AnvM||VM|7V,, 

<£ f ||/f|VM|S*<i^ + c(£) [ \\ff\A\‘\V^AfYdl^. 

7s 7s 
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Apply fl9.6p . Next we estimate 


j \\f\\’‘\A\\VA\\V^A\\V^A\^‘d^^ 

<c f ii/iivriv"Aiv<iA+c / ii/invyinvMivrf#* 

Jt. Jt. 

<cj^ ii/iivriv"/iivrf(<+c(i+II ivMiy-dfi, 

Apply fl9.5p . For the third term in this case we have 

/ll/llVl|V''-4|V<iA> 

< E [ ||/||‘2|V2/l|VrfA + c(e) [ ll/ll(9.8) 

Js Jt. 

For the hrst term of the sum above we estimate by integration by parts 

[ wfinv^Ai^Ydfi 
Jt. 

<c[ \\f\nVA\\V^A\^Ydf^ + c [ \\f\nVA\\V^A\^\V^A\Ydf, 

Jt. Jt 

+ csA j \\f\\^^\VA\\V^AfY~'dfi 

<e [ \\f\nV^A\^Ydt^ + c{e) [ \\ff\VA\^df, 

JTi J [ 7 > 0 ] 

+ c(7 [ ll/ir^lVAHV^lV^i/i 

Jt 

+ c(5)/A^ [ \\f\nVA\^di^, 

J['y>0] 

i.e. by absorption 

Jt 

<c^ll/ll'"|V.4nvM|Vrf(^ + C2(l + |l||/|l‘V.4||‘„([,^„„). (9.9) 
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We proceed using lemma 113.81 to obtain 

/ \\f\nVA\^\V^A\^Ydi^= [ iWmVAWV^Aljifdf, 

JT, Jn 

<c[f ||/f|Vyl||VM|7«d;;+ [ \\f\\’‘\V^A\\V^A\~,id^, 

JT. JT 

+ / ||/|nVA||V^A|7td/i + .A/‘ \\mVA\\V^A\j^df, 

JT JT 

+ j \\ff\A\\VA\\V^A\^idfi]^ 

<c [ yr\^A\^d^. [ \\fr\v^A\%. 

>.'[7>0] ..'[7>0] 

+c [ ii/inv^A^dp [ ii/riv^Aivrf/^ 

./[7>0] JT 

+c [ ii/rivApdp / ii/inv^Aiv^A^ 

J [7>0] J T 

+ cs^A^ [ ||/r|VApdp [ ll/inv^Apd/r 

«.'[7>0] ./[7>0] 

+ c [ |A|> [ \\f\nVA\^\V^A\^Ydf^, 

J [7>0] J S 

i.e. by absorption, since < 82 , 

£jjfjnVAj^jV^Aj^Yd/j 

<C2 [ WmV^Al^Ydii 
JT 

+ C 2 [ \\ff\V^A\^dfi{l+ [ iV'AlVdp). (9.10) 

J [7>0] J S 

Now inserting fl9.10p in fl9.9|) we derive 

[ \\f\nv^A\^Ydi^<c2 [ ii/invMiv^^A 

JT JT 

+C2{i+ II ii/rvAiii.([.^>o]) + [ ii/inv=^Apdp) 

-'[7>0] 

(1+ / \V^A\^Ydfi). (9.11) 
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Applying 09.111) to 09.81) we finally obtain using Young’s inequality 


/ \\mA\\V^A\^Ydf^ <e [ ||/inV^A|Vrf/^ 

Js Jt. 

+c,{i +II ii/rvAiii + [ ii/inv^Apdp) 

J[7>0] 

(1 + / \V^A\^Ydf^) 

Jt. 

+ c(£,C2) J ||/inA|^|V^Ap7"rfp. 

Hence 09.61) yields an estimate realizing the full structure of 09. ip . 

It remains to estimate 

^ \\ff\VA\^\V^A\h-dp. <c(l + II |l/rv/l||i„„^^„|,) ^ |VM|V<iM. 

• A; = 3, j = 3,z = 1 
We start estimating 

f ii/nvnvMiiv’Ab'd/, 

<c f \\ff\V^A\h•d^^ + c f ll/ll^l/lhVMlVti/^. 

Jt Jt 

Apply 09. 4 p and 09.6p . Next we have 

[ ||/|nA||VA||VM|Vc^/^ 

Jt 

<c(l + II ||/rvyl||i„,[,^„|,) ^ IV^AlVrf#* 

+ C f \\fM\^"A\'‘fd,j. + c f ll/invMlVtij*. 

Jt Jt 


Apply 09.6p . Finally 









where we have by lemma 113.81 


[ ii/rivAivrf/i= [ (ii/fivAiV)^rfh 

Jt, Jt, 

<c[f ii/irivAiv^/i+ / \\mvA\\v^A\^u^^ 

Jt. Jt 

+ sA [ ||/f|VA|%^d^+ [ \\fr\A\\VA\^^idfj.r 

Jt Jt 

<C2(1+ f \V^A\^Yd^i) + c [ \A\^d^ [ ||/r|VA|Vrf/i, 

Jt d['r>o] Jt. 

i.e. by absorption 

[ \\mVA\S^d^,<C2{l+ [ iV^lV^h). (9.12) 

Jt Jt 

• /c = 3, j = 2,i = 2 
By Young’s inequality we derive 

/jii/r+ii/iri.4i)i/invMiv<i(< 

<c f ii/ri/ii‘‘ivMiv<ifi+c / ii/rivMivtifi. 

Jt Jt 

Apply fl9.6p . For the second and last term of this case likewise 

[ iWff + \\ff\A\)\A\\VA\^\V^A\Ydf^ 

Jt 

<c[ \\mA\^\v^A\^Ydf,+c [ ii/rivAiv^/i 

Jt Jt 

+c/ii/inwAivrfA. 

Apply (I9.6p and (19.121) . 
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• k = 3J = l,i = 3 

Estimating by Young’s inequality we have 

^(ii/f+ii/in-41 + ii/iri^t+ii/inv/ii)i^nv/iiivMi7-d,, 

<c / ll/ll Vt|VM|V«« + c [ ll/ltl 

Jti J [7>0] 

+c[ ii/iivnvAivc^h+c / ll/ll 

Js Jt. 

+ cJ\\ff\VA\*Yd^ 

<c f ll/llVtIvMiVfi;* + c [ \\fr-\VA\-^d,i 

JtI j [7>0] 

+ c / lAph/i + c / ll/llVlV^h + c / ll/llVIV^i/i 
J[7>0] Js 

+ C/||/f|VA|SV^. 

Apply (EJD, (ETD and fICTl . 

• A; = 3, j = 07 = 4 

^(ii/r+ii/iivi +ll/ll wii/rivAi 

+ ll/ll VP+ll/ll viivAi + ii/invV)iAi wtv 

<c / ii/iiVlWV^h + c / |A|V + c [ ll/llVP tV 
Jt. >''[7>0] Jt. 

+ C [ II/IIVPtV + c [ II/IIVP7V + C [ ll/llVnVApqV 

tJ S fJ S tJ s 

+ c / ||/||VnVAp 7 V + c / ll/llVPlV^AlV^h 
Js 7s 

<c / ||/||VnV^A|Vrfh + c / |A|V 

•7S '7[7>0] 

+ c [ II/IIVP7V + C [ II/IIVP7V + C [ II/IPIVAISV 

«/ S v S w s 

+ c£||/||‘‘|VM|V<ifi. 
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Apply fl9.6p . fl9.7p and fl9.12p . 

• /c = 1, j = 5,i = 1 

By integration by parts and Young’s inequality we estimate 

Jt. 

<c[n)jm‘‘ + ll/ll 

+ c(n)/ll/iriVM||VM|7> 

Jt. 

+ c{n)sA [ ll/inV^AIlV^AIy^-V/i 
JT. 

<e [ ||/nV^74|Vrf/i + c(n,e) [ H/nV^AI 
Js Jt. 

+ c(n,e) / \\fM\V^A\^YdlJ. + c{n,e) [ ||/|r|V^A|Vd/r 
Js ds 

+ c{n,e)s^A^ [ H/f |VM| 

Je 

<8 [ \\ff\V^A\^^^df^ + c{n,e) [ \\ff\A\^\V^A\^Ydf^ 

Je Je 

+ c{n,e) [ ||/r|VM|Vrf/^ + c(n,e,.,A) / \\ff\V^A\^di^ 

«/S [7>0] 

+ c(n,e) J \\ff\V^A\^Ydl^- 

Apply fl9.6p and 09.41) . 

• A; = 1, j = 4,i = 2 
Clearly 

/ (ii/ir+ii/iriAi)ivMiivMirdp 
Je 

<8 [ \\ff\V^A\^Ydf^ + c{8) [ ||/r|VM|V^i/i 

Je Je 

+c(e)/ii/in^invMivrf/^. 

Apply dSJ]). 
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By Young’s inequality we have 


JjWff + ll/f 1-41 + II/IIVP + l|/iriV-4|)|VM||VM|TV^ 

<c f \\ff\V^A\^Ydi, + c [ ll/riVMlVtif* 

Jt. Jy. 

+c [ ll/ll 

Jy 

+ c(l + II ll/ll‘V/l||l„|[,,„||) ^ |VM| V«1- 

Apply fl9.4p and 09.61) . 

• k = l,j = 2,i = A 
Finally 

_£(ii/r+ii/inAi + ii/inAr+ii/fivAi 

+ ll/iriA|^ + ll/iriA||VA| + ll/flV^ADlV^lV^h 

<c / ii/iivnv^Aiv^h+c / ii/riv^Aiv^h 

Jy Jy 

+cii ii/rvAii L’^{b>0]) JJff\V^A\^Y + \\fr\A\\V^A\^Yd^, 

+ e [ \\f\nV^A\S^df^ + cie) [ H/inV^lV^h 
Jy Jy 

<c [ \\fM\V^A\^Ydfi + c [ ll/riV^AlVdp 
Jy Jy 

+ C2(l + II ll/rvyl||i„,^ |VM| V«i 

+ £ / ||/||‘^|VM|SV(i + c(£) / \\ff\V^A\Y^d^i. 

Jy Jy 


Apply 09.6p and 09.111) . 







10 Further estimates 

Proposition 10.1. For n,A,R,d,T>0,m>3 and s > 2m + 4 there exists 


Cs = Csi^n, m, s, A, R, d, r) > 0, 


such that, if / : S x [0, T) —)■ (R” \ {0}, 0 < T < r, 

is an inverse Willmore flow, 7 = 70 / as in (I5.1ip and 


sup ||/||l-([7>o]) < R, 

0<t<T 


sup 

0<i<T 




< d, 





for k = m — 2,m — 1, 


sup \\A\\^^-i, 2 ,, ^<d and 

0<t<T ^ u 



\\ff\V’^A\^d^idt<d 


for k 


m, m + 1, 


we have 

sup [ |V™A|V(iA+ [ [ \\ff\V^^^A\^Ydfvdt 

0<t<T Js Jo Jt, 

<C3(1+ [ |V™A|V(i/iLt=o)- 

Jt, 

Proof. For abbreviative reasons let Cm = Cm{n, m, s, A, R, d). We will show 

E fv'iifr*pi(A)*v’"AYdM 

(i,j,k)eI(m),j<m+4 ^ 

< f 

is 16 

+ c™(l+ [ ||/r|V™A|2d^+ [ \\ff\V^+^A\^dfv 

J [7>0] J [7>0] 

+ II ii/rv™-Miii.([^>o]) + II ii/rv-^Aiii.([^>o])) 
(l + y |V™A|ViA)- (10.1) 
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Applying this inequality and proposition 16.11 with e = A to proposition 15.31 
prove the claim using Gronwall’s inequality, cf. lemma [I3.11 
To show fllO.ip we give adequate estimates for each term of the sum, but due 
to the Vh”^“^’°°-bounds we only have to examine the cases 

m — 2 < j <m + 4 or m<i<m + 2. 


• k = 5, j = m,i = 0 

We only have to estimate the following four terms, since 


sup < d 


0<t<T 


by assumption. First 


*|AnV"^A|Vcih<ll/llV([,>0])PllV(b>0]) / 

<Cm 

Next 


^\Af\VA\\V^-^A\\V^A\Yd^i 


<cJ |V™A|^7"d/i 

+ C||/||ioo([^>0]) Il^lli-([7>0])(1 + II \\fV'^ML'^{l'f>0])) 

[ \V^-^A\^dfx 


'[7>0] 




VA|| 


i2°([7>0]) 


+ c / 


and analogously 


^\Af\V^A\\V"^-^A\\V"^A\Ydfi 


T Cfi 


, .^inuilVMlIi + c / |V"^A|V^h. 
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Finally 


vrivv4nv™“Miiv™Ai7"(i;u 


<c / \V^A\^r"dfi 

Jt, 


+ cP|li2.([^>0])|l \\f\\''^A\\Un.,~.n^^ I IV^ 


iS°([7>0]) 


^Cn 


'[7>0] 


• k = 5 ,j = m —l,i = ^ 

Clearly we have 


'^\A\^\V^-^A\\V^A\Ydfi 


<c |V-A|Vc^h + c||/||ita7>0])PllV([7>0]) 

Jt. mm J[ 7 >o] 

<Cm + cJ \V^A\r^dfi. 

The second term to be considered is estimated via 


^\Af\VA\\V^-‘^A\\V^A\Ydfi 


<c J |V™A|" 7 *d/i 

+ c||/||i7=([7>o])ll^lli7>([7>o])(l + II II/II^^^IIl7 

J [7>0] 

<c» + c„|| +c^ IV-MhV,,, 


'^A\^dfi 




([7>0])) 
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• k = 5,j = m —2,i = 2 
Clearly 

'' '^+\\f\\'^\A\)\A\^\V^-^A\\V^A\'y^dfi 

<c [ \V^A\‘^Yd^ 


+ c(l + ||/||l2°([7>0]))(1 + II^IIl^([7>0])) / 

-'[7>0] 

<cm + c [\V^A\^YdfM. 

Jt, 

• A; = 5, j = 0, i = m 

Note, that it suffices to estimate, cf. corollary 113.41 

'^\\/'^-^A\\Af\V^A\fd^i 


<c / |V"^A|Vrfh + c||/||i^ 

JY. 

<c [ \V^A\^Ydfi + c„ 

Jy 


"(h>oi)Plli°^([7>o]) / iv^ 


' [7>0] 


• k = 3,j = m + 2,i = 0 

In this case the following hve terms have to be considered. 

'VriV"*+M||V"*v4|7*d// 


<£ 


^\V^+^A\^Ydfi 


+ c(.)||/||i.([,>0])Pllt^([7>0l)yjV^ 


^|.4||V.4||V"*+^.4||V"*.4|7*(i/i 


<c 


V^+^A\^dfi 


'[7>0] 


+ c||4l||i.([7>0])(l + ll ll/rVAIIi ([^>0])) / iV-AlVc^h- 






'A\^Ydf^. 
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/ \\ff{\A\\V^A\ + \VA\^)\V-A\^j^dfi 

JY. 

<c(l + ||/||l2o([^>o]))(1 + ll^l|Lg°([7>0])) 

(1 + II ll/ll‘V7||i„,|,^„„ + II ||/||‘‘VM||‘„,[,^„|,) ^^ IV^^lVd;^. 

J ll/ll®(l-4||VM| + |V7||VM|)|V”-M||V”>l|7'<iM 

<c|l/||i^([^>0])ll"4||L2°([7>0])(ll ll/rv”" ^^||l^([ 7 > 0 ])) 

{j\V^A\^Ydfi + j \V^A\^Ydfi) 

+c(i+ii ii/rvAiii.([^>o]) + ii ii/rvMiii.([^>o])) 

{[ \V"^-^A\^dfi+ [ \V"^A\^Ydti). 

J [7>0] J S 

j \\ff{\A\\V^A\ + IV^IIV^AI + \V^A\^)\V^-^A\\V^A\Ydfi 

<c(l + II ||/rV™-^yl||i.([,>o])) ^ IV’-ZII 

+ c||A||i ([^> 0 ]) [ \\ff\V^A\^df, 

+c(i+ii ii/rv/iiii.([,>o])) / iv^Aivrf/i 

+ c(l + || ||/rV^A||i.([^> 0 ])) [ IV^AIV 

-'[7>0] 

These estimates suffice to establish fllO.ip . since m > 3. 

• k = 3,j = m + l,i = l 
For the hrst three terms we easily derive 

[ ||/||VriV”^+'^||V"^A|7*d/r 

JY 

<c [ |V’"7l|V<i(< + c||/||i.([,^„|,||7l||i„,|,^„„ [ ll/lPlV^+Mpd^. 

Jy mm ^[ 7 > 0 ] 
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<c||/||ioo([^>0])M||L“([7>0])(l + 




'^\A\\V^A\\V"^-^A\\V^A\Ydn 


<c(l + || ||/rV™-M||i^([^>o])) 

+ c||/||i2=([7>0])ll^llL“([7>0]) [ \V‘^A\‘^dfi. 


For the fourth term we use Young’s inequality to obtain 


'^\VA\‘^\V"^-^A\\V"^A\Ydfi 


<c iV’-AlV^h + cll ||/rVA||2 


'([7>0]) 


®|Vv4nv”^"^A|V(^h- 


To estimate the second summand above we use integration by parts to derive 


^\VA\^\V^-^A\^Ydfi 


\A\\VA\\V^-^A\^Ydfi + c / ||/|r|A||VM||V™-M|V(^h 


c / \\ft\A\\VA\\V^-^A\\V^A\Ydfi 

JT. 


+ csK / \\fT\A\\WA\\S/^-^AYY d^l 


<e / lmWA\^\W^-^A\^^^d^^ + c{e) / \\mA?\W^~"A\H^^ 

JYi J ['y>0] 


VM|"|V™"M|"d^ + c(e) 




+ cie)s^A^ / ||/|nyinv"^-^Apd^, 

d[7>0] 
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i.e. by absorption and m > 3 


l^vvm-l 4 1:2 

-m I >-m|| IIJ || V ^IIL° 


'AiCm “1“ Cf7 


'([7>0]) 


+ c™ / 


Inserting proves a correct estimate. 

For the fifth term to be considered we clearly have 

j ||/ir|/l||V’7||V”-M||V”7|7*£i/i 

<c.»(l + II ll/ll‘V"-M||l„„,,„l,) J\V”'A\h-di, + c / |V»7|VrfM. 

For the sixth and last one we estimate 

J ||/ir|V7||VM||V’”-M||V’"/l|7"<i7i 

<cj^\V'"A\h‘dp. + c|| |l/rvM||i„,|,^„„^ ll/f IVylpl V«i. 

As above with m — 2 instead of m — 1 we obtain by integration by parts 


<Cm + Cm\\ ll/ll V"" ^||l“([ 7>0]) + Cm 


'[7>0] 




Inserting yields the required result. 
• k = 3, j = m,i = 2, 


Clearly 

/ (ii/r+ii/iribii)i^riv”^Aivc^h<cm / iv’-Aiv^h- 

JE JS 

Next 

/(ll/ll*+ll/HVl)|7||V7||V"-M||V’”7|7‘oi,, 

<c f I V-71 yVM + c™(l + II ll/ll‘V”-7||i f \VA\^-d^i. 

Jt. J['y>o] 
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Likewise 


® + WfW^lADlAWV^AWV^-^AWV^AlYdfi 

4v7m—2 /(||4 


V”^-M|lV([,>o])) / \V^A\^d^^ 


[7>0] 


<c / I+ Cm(l + I 

Js 

Finally we have 

^ + \\f\mA\)\VA\^\V^-^A\\V^A\Ydfi 


<c\V-A\^Ydfi + cUl + IIll/rV"^-^kl||i.([^>o])) IVkl| 

and by integration by parts 

[ \VA\^Ydii<c [ lAllVkinv^klly^dp + csA [\A\\VA\^Y~^dfx 


<e / \VA\‘^Ydfi + c{e,Cm), 


i.e. by absorption 

• k = 3,j = m —l,i = 3 


sup / iVApy^d/r < 

0<t<T JY, 


( 10 . 2 ) 


Jj.\\ff + ll/f |4| + ll/llVP + ll/iriv^iDi/ipiv^-Miiv^^h'rfi. 

<c f IV-AlV-iM + c^ll + ll ll/ll‘V4||i f \V”'-'A\^d^L, 

Jt. d['f>o] 

and by ffTTm 

J^iWfr + II/IIVI + ll/ll VP + ||/inV^I)l^l|VA||V’"-2A|V-A|rdp 

<c j \V^A\^Ydi^ 

+ Cm{l + II ll/rv-^^||i.([,>0]))( [ iVA^dp + [ |VA|Vc/h) 

^[ 7 > 0 ] Je 

<c j \V"^A\^Ydf^ 

+c™(i+ii ii/rv™-^^iii.([,>o])), 
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• k = 3,j = m —2,i = A 
Clearly 

^(ii/r+ii/f 1 ^ 1 +ii/f 1-41=+ii/ii«ivAi 

+ ll/nVP + ll/iri-4||V-4| + ||/invM|)|-4|=|V’"-=A||V’"-4|7‘<;;< 

<c^|V’"-4|V«i + c™(l + ll ll/ll*V"-=-4||i„,[,^„„). 

• k = 3,j = 0,i = m + 2 
It suffices to estimate 

j (ii/iriv’"Ai+11/11=1-411 v"-Mi + ii/iriivAi+i/ii=iiv"-=-4i 

+ ii/ii“iv”-Mi + ii/in4iiiv’"-=4ii 

+ ||/inV™-M|) \A\^\V"^A\Ydfx 

<c„ + U 1 + II l|/||■‘V/l||^,„,[,^„|,) ^ |V”- 4 |V<i#<- 

• k = 3,j = l,i = fn + l 
Similarly 

[ (ll/f + \\f\\^\A\\V^-^A\ + \\ff\V^-^A\)\A\^\VA\\V^A\Ydf, 

Jt. 

<c j \V^A\^YdtJ. 

+cm{i +II ii/rv-^=4iii.([^>o]) + II ii/rv-^ =4 ||l2°([7>0]))- 

• /c = 3, j = 2, i = m 

By Young’s inequality and fll0.2p we derive 

j ||/inV”^-M|(|.4nvM| + |.4||V.4|2)|V™A|7"d// 

<c [ \V^A\^Ydf^ 

is 

+ + II ||/rV™-^A||i ([^>0]))( [ iV^AI^d// + [ |VA|ViA^O 

^[7>o] Jt, 

<cj^ IV^-AlVd#. + c„(l + II ll/ll‘‘V"-'M||l„|[,,„||). 
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• /c = l,j = m + 3 ,^ = 1 

First we have by integration by parts 

j V\\ff 

<cH^(ii/ir+ii/iri^i)iv™+Miiv™Ai7^ci/i 

+ cH ^ ||/ir|V™+M||V™+M|7*ci/i 

+ c(n)sA j ||/|nV™+M||V™A| 7 "-Mp 

<e [ \\ff\V^+^A\^Ydfi + c{e,c^) [ |V"^A|Vrfp 
7s 7s 

+ c(n,E) [ ||/f|V”+M|VrfA + c(£,c,„) [ ||/||’>|V'”^|>. 

7s 7[7 >o] 

Corollary 113.111 shows 

[ \\fr\V^^^A\^Ydfi<e [ ||/|nV™+M|V^^h + c(e) [ ||/r|V”^7l| 

7s 7s 7s 

+ c(e)sW /||/||«|V">.4|7-2<i,, 

<e / ll/f|V’"+"A|7V^ + c(£,c„) [ \V"‘A\^Yd^ 

7s 7s 

+ c(e,c^) [ \\ff\V^A\^d^. (10.3) 

7[7>0] 
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Inserting we conclude 


/ V\\ff 

Jy, 

<e [ \\ff\V^^‘^A\Ydfi + c{e,Cm) [ \V^A\^Ydfi 
Jy Jy 

+ c(e,c„) f \\mv'^Apd^L, 

J['y>0] 

which is the required result. 

• /c = l,j = m + 2,i = 2 
We simply have 

All/f + ll/llVDIV^+'AIIV’MbV^ 

<T [ ||/f|V’”+M| 7 *<i^ + c(£,c,„) [\V"'A\^Ydl^- 

Jy Jy 

• k = l,j = m + l,i = ^ 

Apply fllO.dp to 

+ ll/ll VI + ii/n vt + ii/iriv-^Div^+Miiv^yibv,, 

<c Al/f|V’”*'-4|V<i(< 

+ C.„(l + II ll/rv/l||i„,h,„„) ^ |V”yl| V«1. 

• A; = 1, j = m, i = 4 
Clearly 

^(11/11“+ 11/11VI+ 11/11 VP+ ll/f|v^l 

+ II/IIVP + II/IIVIIV.41 + ||/|nv"4|)|V’".4|V<iM 

<c™(l + II ll/rv.4||l„„,^„|, + II |l/rvM||i„,^ IV^yll V« 1 . 
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• /c = l,j = m — l,z = 5 


Since m > 3 and by fll0.2l) we have 

^(ii/ii^+ll/ll VI+ ii/in^r+ii/invAi 

+ ll/ll w ll/ll viiv^i + ii/inv^^i 
+ ii/ii VIV ll/ll vnv^i + ii/iriv^p 

+ ll/ll VllV^^I + ||/inV^^I)|V™-M||V”^A|7^d/i 

<c f |V”^A|Vt^h + c™ [ 

Jt, J [7>0] 

+c^(i+ii 

{[ \VA\^dfi+ [ \V^A\^dfi 

J [7>0] J [7>0] 

+ [ |V.4|V^^h+ [ iV^l'y^d/i) 
Js Je 

<c™(i + II ii/rv"-Miii„,[,^„||)(i+^ iv^AiVtirt- 


Recalling i < m + 2 from fl4.6l) we may assnme m > 4 for this case. Hence 


+ 


+ 


VII/IIVI +ll/ll vr+ii/riv^i 
/II viv ll/ll viivdii + ii/inv^^i 

/iivivii/iivnv^i + ii/riv^p 

/iiviivv + ii/rivv 

/II vi^+ii/ii vnv^i + ii/ii viivHp+ll/ll vriv^^i 

/inVHIlV^HI + ll/llVIIV^HI + ||/ir|V'^l ) \V^-^A\\V^A\Ydfi 


<c [ \V^A\^Ydfi + Cm [ 

Jti j [7>0] 

+ c^(i + ll Il/rv”^-^^llt^a7>0])) 

(/ \V^A\^dfi+ [ \V^A\^d^+ [ IV^HIVV 

/[7>0] /[7>0] Je 

<c™(i+II ii/rv"-2.4iii„„,^„|,)(i+^ iv^Aiv^o. 
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where supo<t<T II V/1||l^([^>o]) , supo<i<r/[^>o] < d was used. 

• k = l,j = 2,i = m + 2 

Here we simply estimate by Young’s inequality 

/ (||/ir|V™H| + ll/ll Vl|V”^-^A| + ||/ir(|Hr + |VH|)|V”^-^H| 

Jt. 

+ ||/ir|V™-^H| + \\ff\A\\V^-^A\ + \\ff\V^-^A\ )|VM||V”"H|7"(i/i 
<c [ \\ff\VA\^\V^-^A\^Ydfi 

Jt, 

+ c„ + c.„(l + II l|/||■‘V".4||l„„,^„|,)^ \V’"A\Wdl^. 

If m = 3, apply fll0.2p . If m > 4, then ||/||®|VHp|< c^, 
since supg<j< 2 ’ II^^IU 2 “([ 7 >o]) < d by assumption. 

• /c = l,j = 3,z = m + l 


Similarly 


Tiy^-iyll + ||/|n4l||V"*-M| + ll/f |V”^-M|)|VM||V’"H|7"dp 


I 7 I A\\ T-77n — 2 
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<c j \V^A\^Ydfi 

+L(i+ii ii/rv-2Hiii.([^>o]) + ii ii/rv-uiii.([,>o])) 

Recall m > 3. 

• k = 1, j = A,i = m 

Finally, and this time really hnally, 

'®|V^H|V^^h + c(l + I 


<c 




If m > 4, we have ||/||®| < Cm + Cm | 

If m = 3, then 4 = m + 1 and fllU.3l) yields a correct result. □ 
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11 Interpolation inequalities 

We come to prove some interpolation inequalities, which will enable us to 
join the previous four sections to an induction. 

Lemma 11.1. For k G {0, IR> 2 }, s > 4 and A > 0 there exists 

c = c{s, k, A) > 0, 

such that, if / : S ^ [R” is a closed, immersed surface, 

$ a normal valued l-linear form along f and 7 as in we have 

II ll/f^llt^(7^i]) 

<c / ii/iri$rdp( / ii/ir^iv2«hiv^h+ / ii/ipvn<hivrfA 

./[ 7 > 0 ] Js JT, 

+ [ [ii/ip"+fcii/ir^"^]i<^>r^h)- (11.1) 

-'[ 7 > 0 ] 

Proof. We dehne 4/ ;= ||/||^|<h| 7 i. 

Applying lemma fl3.9l with m = 2,p = 4, ct = | we obtain 

<d|4'llijp)(ll'I'lli»(E)IV>ll!j,q + ll^^>Hl!4,q). 

where proposition 113.101 for 


7 = 1 G C“(S), /c = Ml = ti2 = r’l = ^2 = A = 0 and r = 2 , p ^ 00 


was used in the last step. 


Since < 


1. 

iS°(s)l 




2 

Il 4 (s) conclude 




< c 
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Recalling flS.lip we have for k >2 and c = c(s, A;, A) > 0 


<c [ I (|l/|l‘-" + ||/r-VI)|4>l7» + II/II‘-‘|V4M 

J[7>0] 

+ ll/f |V«h|7^ + ll/f |$|(1 + |A|7)7^ Prfh 

<c / ||/|r^|V^$|Vc/A. + c /(||/ir"-V +ll/ll V-^)|V<h|> 
Js Js 

+c [ [ii/ip'^-v+ii/ip'^-vi^r 

-'[7>0] 

+ II/IP'^-V-^ + ll/ll + ll/ll 

By integration by parts 

/[ii/ir"-v+ii/irv-^]iv$rdp 

Jt. 

<c(s,Aa) /lii/it‘-7' + it/it‘-7”-‘ 

+ ll/ll“■7*■"+ii/irv-yi4iiv4i<iA 
+ c/[ ll/ll““V + ll/ll 

<£ /lll/ll““7*+ll/ltV-y|V4>pd,.+ / ll/II^IV^tlVdAi 

Js JS 

+ c(£,A:,.,A) [ [||/|P"-V + l|/irV-^]l<^>PrfA- 

-'[7>0] 

Absorbing and plugging in we derive for c = c(s, A:, A) >0 

iv^'tiHscE) <c / ii/ir‘iv=4>i7Vf,+c / iii/ir‘+ii/ir'-7‘]i-i>i7*-‘rfM 

Js >A[7>0] 

+c/[ ii/fv-’+ii/ii“-v iiTin-siv 
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Collecting terms we conclude 

II ll/f ®llt^a.^i]) <ll^llt^(E) 

<c|| ||/f«^>7^lli.(E) 

([ ii/iriv^«i>ivc/A^ 

7s 

+ [ [ll/lP^ + ll/lP^-Y]l^lV-^rf/i 

7[7>0] 

+/[ii/fV-" + ii/ii“-vii-4n<i>p<i(^ 

+ /ll/llVlffl-IKprfA*) 

<c [ ||/||“| 4 .rd,<( [ ||/||“|V= 4 |VrfA 

7[7>o] 7s 

+ [ [ii/irYii/ip^-^]i$iY 

7 [7>0] 

+ [ ii/ipYiYrY/i). 

7s 

The case k = 0 follows analogously. □ 

Proposition 11.2. For n,m,A,R,d > 0 and s > 4 there exist 

£ 3 , C 3 = 03 ( 777 , s, A, R,d) > 0 

such that, if / : S —)■ IR"' is a closed immersed surface, 7 as in ( 15. 1 71) and 

[ \A\^dfi<e3, 

7[7>0] 

II/IU2°([7>o]) < -R) 

Il^llw7'’h[7>0]) - 

we have for A; = 0 ,4 

II |l/|l'‘V"M||l„,< C3(l + ^ ||/||^‘’|V-"+^yl|V<irt. 
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Proof. Considering lemma 111.11 with $ = it snffices to estimate 


< C3(l + 


For m = k = 0 we have by lemma [13.81 




\A\^Ydfi= I ilAl^r^fdfi 




<c[ / {Al'^lVAl'j^dfi + sA I |A |^7 2 d/i + / |y 4 |^ 72 (i/i]^ 


<c 


'S 

|2„,s. 


\A\'^di.i[l l^nVAlVf^h + s'A" / |dl|V"f^h+ / |A|V^^h] 


' [7>0] 


S 

6„,s. 


<c / 1^1 |VA| 7 *d/i + c(e, cs) + c( / |A| (i/r + e) / 


Absorbing yields 


[7>0] 


|A|^ 7 ^d;U < c / |Ap|VAp 7 '^(i;u + C 3 


Since s > 4, i.e. f < s — 2, we have 


|AnVA|V^i/i= / (|A||VA|7^)> 


<c[ / |VAf 72 d//+ / |A||V^A| 72 d/i 


+ sA / |A||VA| 7 ^d/i+ / lAHVAlyth/r]' 


'S 

<c / |V^A|^ 7 *d/i + C 3 + c( / |VA|^ 7 ^(i^)" 


"t“ c 


[7>0] 




Therefore by absorption 


|AhVA| <c / |VM|Vf^h + C3 + c( / |VA|V^^h)^ 


<c / |V A| 7 ®d/r + C 3 , 
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where we used 


{[ \VA\'^j 2 d^)'^ <{c [\A\\'V'^A\'j2(ifi + csA f \A\\'VA\'y 2 

Kf S «/ S •J ^ 

<c [ \\/^A\^Ydfi + C 3 [ 

Js Js 

<c f I + e{ f \VA\‘^jidjj,Y + c{e, C3) 

Jt, Jt, 

by integration by parts, Holder’s inequality and § < s — 2 . 

We conclude for < £3 sufficiently small 


[ l^dlV <C3(1+ f \V^A\^Ydfi)- 

Jt, Jt 

For m = 0, /c = 4 we refer to fl7.4l) . 

For arbitrary m > 1 and fc = 4 we estimate 

[ ll/ll /(ll/ll vriv”^Hi7t)2d/i 

Jt Jt 

<c[[ \\ff\A\^\V^A\^Ud+ [ ||/||Vl|VA||V"*H|7idp 
Jt Jt 

+ f WfMlV^+^Ahidii+sA [ \\fM\V"'A\^^d^, 

Jt Jt 

+ [ ii/riAnv”^Hi7tdp]2 

Jt 

<c [ \Afdt^ [ ii/ii'i/inv^+Miy*,;,, 

«f[ 7 >o] Jt 

+ c{[ \A\^dd + e) [ Il/Iivnv-^HIV^P 
J [7>0] J E 

+ c(e,C3)((/ \A\^ddr + i[ |VHpdp)2) 

J [7>0] J [7>0] 

/ Ill/It+ ll/IIV]|v"‘Ap7-nM, 

J[7>0] 

i.e. by absorption 

[ \\ff\A\^\V"^A\^Ydd<c [ \\mA\^\V^^^A\^Ydd + C 3 . 

Jt Jt 
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Since we have 


[ ll/llVl''|V’"+'>l|V<iA>= [ ^\\^r\A\\V'’'+'A\^ird^l 

Jt. Jt, 

<c|/ \\ff\A\\V"'*^A\-,idi,+ j \\ff\VA\\V’"*^A\',^d^, 

JT, JT 

+ [ \\fr\A\\V'’‘*^Ahid,i + sA[ \\f\\M\\^"'*'A\^^di, 

JT JT 

<c [ \Afdti [ ll/f |V”+=^|V<i#< 

J [7>0] J E 

+ c [ \A\^d^, j ll/llVnV”+M|V<i#< 

+ C 3 (/ \Af‘d^+ [ \'VA\‘^dfi) 

^[7>0] ^[7>0] 

(/ \\ff\V'"*^A\^Y-'^d^i+ f ll/flV^+MlV-iM) 

JT JT 

and by corollary 113. Ill for p = 2,M = 0,r> = l and p = 2,u = l,v = 0 

f ii/fiv"^+Miv'^i/i+ [ ii/iriv™+'Aivc?h 

Jt Jt 

+ c7,.,A) [ [\\ffY-^ + \\f\M\^^A\^dp, 

J[i>o] 

we conclude by absorption 

/ ll/f l-4t|V’”+M|yVfi < C f \\ff\V”'*'^AfYd^i + c,. 

Jt Jt 

Consequently for \A\‘^dp < 63 sufficiently small 

f ll/llVhV-AlVrfA < C3(l + [ \\f\\‘‘\V'^+^A\Yd^^). 

Jt Jt 
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For arbitrary m > 1 and k = 0 we have 


|^nV™A|= J (1^1 |V"*A|72)^d/z 

<c[[ \A\\VA\\V"^A\-fUfi+ [ \A\^\V"^+^A\jUn 


+ sA / \A\^\V^A\-f—dfi+ / \A\^\V^A\-f^dfi] 


<c 


\A\'^dn I \A\‘^\V^^^A\^j^dfx 


h7>0] 


+ c(/ \A\^dfi + e) \A\^\V^A\^Yd^I 


[ 7 > 0 ] 


'S 

|2 J ,.\2 


+ c(£,C 3 )(( \A\^d^^y + i |VA|^d/i)^) 


' [ 7 > 0 ] 


' [ 7 > 0 ] 


'[ 7 > 0 ] 




.e. by absorption \A\'^\'V^A\‘^Ydfi < c \A\‘^\'V^~^^A\‘^Ydfi + C 3 . Since 




m+1 


<C 


' [ 7 > 0 ] 


\A\'^dfi 


7m+2A\2Ydf^ + C I \A\^dfi I |AnV™+M|Vd;n 


[ 7 > 0 ] 


+ C 3 (/ \A\'^d^+ I \VA\'^dfi) I \V^+^A\^Y~^d^ 


J [ 7 > 0 ] 

and by corollary 113.111 


' [ 7 > 0 ] 


/ \V^+^A\^Y~^dfi <e / \V^+^A\^YdiJ + c{e,C3) / 
is is i[ 7 > 0 ] 

we obtain by absorption 

[ \A\^\V^+^A\^Ydfi <c f |V™+^A|Vi/w + C3 

is is 

and consequently for \A\^diJ, < £3 

[ |Anv™A|ViAi< C3(l+ [ |V™+2A|Vi/w). 


□ 
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12 The main results 

Theorem 12.1. For n,m, R,t > 0 and a E there exist 

e = e{n), c = c{n, m, R, a, r) > 0 

such that, if / : S x [0, T) —)■ IR"' \ {0}, 0 < T < r, 

is an inverse Willmore flow satisfying 

sup / \A\‘^djj, < e, 

0<t<T JB2p{xo) 

sup P"i/||L-(B 2 p(xo)) < 

0<t<T 

! \V^A\^dp[t=Q<Oii, z = l,...,m + 2 

J B2p{xo) 

for some xq E IR” and p > 0 , we have 

sup ||V”^|U»,B,(..), < p-<’“+‘>C. 

0<t<T 

Proof. Rescaling, cf. Lemmata 113.51 and 113.71 we may assume p = 1. 

Define 

e{n) := mm{eo(u),£i(n),£ 2 (u),£ 3 }, 

cf. propositions 17.21 [8.1119.11 and 111.21 and choose a sequence ( 7 ^) C C'q([R”'), 
which satisfies 

1. 1 > 7o > 7i > • • • > 7m > • • • > 0, 

2. B 2 ixo) D supp{%) D [% = 1] D supp{^i) D [71 = 1] D . . . D Bflxo), 

3- || 7 i||c 2 {R") < D for all i > 0 . 

Let 7 j := 7 ^ o /. From proposition 17.21 for s = 4 ,7 = 70 we infer 

r [ \\mV^A\^jUpdt<c{n,R,T) 

Jo Jt. 

and hence by proposition 111.21 for m = 0, A: = s = 4 and d = e 

[ II ll/f ^lli-([ 7 o=i]) dt <c(n, R){T + c(n, R, r)) 

Jo 

<c{n, R, t). 
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Since [70 = 1] 3 suppipfi), we conclude 



dpcit < c{n,R,T), 


'0 -'[7i>0] 

r-T 


4 A l|4 


L^{hi>0])dt ^ c{n,R,T). 


Next we have by proposition 18.11 for s = 6 , 7 = 71 and d = c(n, R, r) 

snp / \VA\^j!dp+ r [ ||/|nvMp 7 ?d/idt 
0<t<TJs Jo Jt, 

<c(n, i?, d, r)(l + [ |VA|^ 7 ®dp[t=o) 

Jt, 

<c{n, R ,«!, r). 

By proposition 111.21 for m = l,fc = 4, s = 6 and d = c{n, R, cti, r) and 
[71 = 1 ] 3 supp{-f2) 3 [72 = 1 ] ^ suppijs) 

we derive 

sup / I VApd/i < c(n, i?, «!, r), 

0<i<T d[73>0] 

[ f ll/lHV^+^^l^d/idt < c(n,d 2 ,Q;i,r), 
do d[73>0] 

[ II ll/f V^dl||^^([^ 3 >o]) dt < c{n, R, ai, r) 

do 

for A: = 0 , 1 . 

Hence by proposition 19.11 for s = 8 , 7 = 73 and d = c(n, d?, ai, r) 


sup / |V^H|S«dp+ / / ||/|nvM|^ 7 fd/idt 

o<t<T Jt, Jo Jt 

<c(n,i?,d,r)(l + J |V^H|^ 7 ^d/i[i=o) 

<c(n, -R, «!, 02 , r). 

By proposition 111.21 for m = 0, 2, = 0,4, s = 8 , d = c(n, R, ai, a 2 , r) and, 
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since 


[73 = 1] D supp{-ii), 


we obtain both 


sup P||i^[(^,=i]) < c(n, CXl , 0^2; ; 

0<t<T 

[ \\\\f\\^^^Ml^i[^^=i]}dt<c{n,R,ai,a2,T). ( 12 . 1 ) 

Jo 

Therefore and by [74 = 1] 3 suppi^-j^) we may assume for 

m > 3, 7 = 72m-i 


inductively 


^sup^||yl||^^^-3,oc(j^^_^>o])<d, 


^^^Ml?^(h^^_^>o])dt <d for k = m-2,m-l, 


\L’^([l2m-l>0]y 
JO 


^'V^A\^dpdt<d for k = m,m + l. 


'0 ■f[72m-l>0] 


with d = c{n, m, R,ai,..., cim-i, t)■ 

By proposition 110.11 for s = 2m + 4 we conclude 

sup /|v"M|y|rpp+ r /ll/f|v’"+".4i777<iprf« 

o<t<T Jt, Jo Jt. 

<c{n,m,R,d,T){l+ [ |V™Ap72™^fdp[t=o) 
Jt. 

<c(n,m,Q;m,r). 


Now the claim follows by induction over m > 3 from proposition 111.21 and 
[72m-l = 1] 3 SUpp{'y2m) => [72m = 1] ^ SUpp{'y2m+l) = SUpp{j2{m+l)-l) ■ 

□ 


Next we state a version of theorem 11.11 
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Theorem 12.2. For 0 < R,ai,a 2 < oo and n G N there exist 

6 = S{n), k = k{n), c = c(n, R, ai, 02 ) > 0 

such that, if /o : S —> (R"" \ {0} is a closed immersed surface 
satisfying 

sup / \A\‘^dfi < 6, 

xGR" Jb2p{x) 

sup < Oi, i = 1,2 , 

xGR" Jb2p{x) 

p ^II/o||l“(s) < R 

for some p > 0, there exists an inverse Willmore flow 

/:Sx[0,T)^^"\{0}, /(•,0) = /o 

with T > p~‘^c. Moreover we have the estimates 

sup P~^||/||l°“(s) < 2i? and sup / \A\^dpb < k6. 

0<t<p~^c 0<t<p~'^c,x£KX JB 2 p{x) 

Proof. Rescaling we may assume p = 1. Let T > 0 be maximal with respect 
to the existence of an inverse Willmore flow 

/:Ex[ 0 ,r)^R"\W, /(•, 0 ) = /o 

We clearly have for some L = r(n) > 1 

e{t) := sup / \A\^dp < V sup / \A\^dp. 

xm^JB2{x) xm^JBiix) 

Let 5 := cf. theorem 18.11 and 

4 := sup{0 < t < T I sup ||/||i,go(s) < 2R}. 

0<T<t 

For arbitrary A > 0 we have by continuity 

to := sup{0 <t< min(T, A, 4 ) | £(r) < SFA for all 0 < r < t} > 0. 
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If to < niin(T, A, tb), then we have by dehnition of 6 and tb 

s(to) = 3rd = s, 

sup / lApd/i < e, 

0<t<to, xGR" Jb2(x) 

sup ||/||l-(s) < 2R. 

0 <t<to 

Hence we obtain for suitable 


7 e Co(52(0)) with 1^1 ( 0 ) < 7 < HfiaW and ||7||c2(r-) < A = A(n), 
by proposition 17.21 choosing s = 4 and % := j(- — x) o f for x E 


sup [ \A\^dfi[t=tQ< sup [ \A\^dfi[t=o+c{n){{2Rf + {2Ry)to 

x:€R^Jb2(x) 

<6 + c{n){R^ + R^) X < 26, 

dehning A := 3 rc{n){R^+R‘^) ~ Hence £(to) < 2T6 < e, a. contradiction, and 

to =niin(T, 

We will show, that to = or to = tb imply T > c(n, R, ai, 0 ^ 2 ), whereas 

to = T leads to a contradiction, what proves the claim. 

If to = < T, then T > c(n, R). 

If to = tfc < T, then we have 


sup / 

0<t<to, xGR" JB2(x) 


sup ||/IU-(S) < 25, 

0<t<to 


\Afdfj. < e, 


VMp(tp[t=o< “i, t = 1,2 , 

||/(a,0)|| <5, ||/(a,to)||=25 


sup / 

xGR'* Jb2{x) 


for some a G S. For to > 1, we have T > 1. Otherwise we have to < 1 and 
infer from Theorem 18.II for m = 0, p = r = 1, taking fll2.ip into account 


pto 

sup ||A||loo(s), / 

0<t<to ^0 


ll/f dt < c{n, R, ai, 02 ) 
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by covering ^2^(0) C Ui^N=N(n,R)Bi{xi). It follows 

2-R =||/(f7,^o)|| = ||/(f^,0) + [ dtf{a,s)ds\\ 

Jo 

<R + c r[\\f\\\\V^A\ + \Af)]{a,s)ds 
Jo 

<fl + c/y / " II + crA° Plliyp:,* 

Jo Jo 

<R + cRHl[f II ||/||'^V^A||^oo(s)(i^]^+c(n, i?,ai,a2)to 

Jo ^ 

3 

<-R + c{n, R, ai, a 2 )to, 

what shows 


c(n, R, ai, 02)^0 ^ R- 

Hence 


T > niin(l, —— --) =: c{n, R, ai, 0:2). 

c[n, R ,«!, a!2j 

If to = R, then we have 

cjn) 

° ’ 

snp / \A\‘^dfi < e, 
o<t<to,xm" Jb2{x) 

sup ||/||l-(s) < 2 R 

0<t<to 

and hence by theorem Il 2 .II for p = 1 , r = cii := |VMpd/i[t=o 

snp ||V™H||ioc(s) < c(n,m,i?,ao, • • • ,am+2) < 00. ( 12 . 2 ) 

0<i<io 

From this we will draw several conclusions. 
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1. For the metric we derive by fl2.7p and fl3.2p 


dtg = -2(A, dtf) = ||/f (VM *A + A*A*A*A) 
and hence 


sup \\dtg\\L^(s) < oo. 

0<t<to 

Particnlarly the metrics g{t),t G [0,to), are eqnivalent and converge 
nniformly to a metric g{t) —>: g{to) for t —> to, cf. [3], Lemma 14.2. 

2 . Similarly we obtain for the Christoffel symbols, cf. fl2.9p 
dtVl^ = - dj) - (A,„ VidJ) 

what shows 

dA = limP^A) + Pl{A)) + V||/r * (PM) + P^AA)) 

and therefore by virtne of corollary 113.41 

snp II V™'c?tr||L°°(s) < oo. (12.3) 

0<t<to ^ 


3. Tnrning to the coordinate derivatives we note for T ^ T{p, q) 

E 

1=1 kiA----\-kiAk<m—l 


* ... * * d^T, 


V"*r = d^T + 


which is easily checked by indnction. This shows 

\d^T\ < c{n,m){i + |r| +... + |a”*-A|)”^(|v”^r| + |a”*-^r| +... + |t|) 


and indnctively 


|a”^T| < c(n,m)(i + |r| +... + |a”"-A|)S"i*(|v'"T| +... + |r|). 
For T = dA we conclnde by d'^dA = dtd^T and fll2.3p indnctively 

snp ||9”"atF||L^(s), snp ||9 ”"F||l^(s) < oo. (12.4) 
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4. For fc + / = m > 0 we have 

sup sup ||a"*+VlU-(s) < oo. 

0<t<to 0<t<to 

This holds obviously true for m = 0 by fll2.2p . Now for k + I 
d^VA - =d^VA - 


V)V 


m+1—i 


A. 


i=l 


Since for any normal valued /-linear form <F along f 


(12.5) 

m -|- 1 


and hence 

i 

v$- • • -^<F- u r^. 

k=l 

I 

=a.«>i..4>i..i,>au - E . 

k=l 

we derive 

k 

d’^VA - V”^+^24 = ^ *{A*df + T)). 

i=l 

By induction hypothesis and fll2.4p 

A ioi k + I < m, <9*/ for 1 < z < m -|- 1 and d'^T for all m G 1^ 
are bounded. This proves 

sup ||c)^V^24||2,oo(s) < cxD for k + l = m + l. (12.6) 

0<i<io 


By dijf = Aij + T^jdkf we then have 


d^+^f = d^A+ ^'^r-a'+V. 


k-\-l=m 


The induction hypothesis, fll2.4p and fll2.6p yield 

sup ||a’”+VlU-(s) < oo. 


0<t<to 


This proves fll2.5p . 
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From the evolution equation fl3.2p of the inverse Willmore flow 


dJ = -^^{AH + Q{A^)H) 

and fll2.5p we infer, since supo<t<tg ||/||Ljf(E) < 2i?, that for all m > 0 
sup ||a”^/||L-(s), sup ||a™ai/||i^(s) < oo. 

0<t<to 0<t<to 

Therefore f(t) — >: /(to) in C''"(S, IR"') as t to for all m > 0. 

We conclude by what was already proven above, see the hrst point, 

9{to) <— 9{t) = 9f{t) —t uniformly. 

Thus 9f{to) is a metric and hence /(to) • ^ t R"' a smooth immersion. If 
/(to) : S — )■ IR" \ {0}, we may extend the inverse Willmore flow by short 
time existence, what shows, that to = T could not have been the maximal 
time of lifespan of /. This contradicts the maximality of T. 

Consequently it remains to show, that /(to) : S —)■ IR"' \ {0}. 

Otherwise there exists by continuity cr G S, such that 

/((T,t) —)■ 0 as t Z' to. 

We choose a sequence Z to satisfying 

Ot— ||/(o-, r„)|| > ||/(a,t)|| for all < t < to. 

By the evolution equation (13.21) it follows for < t < to 

||/(<T, i) - T„)|| < ^‘ [ AF| + |Q(yl»)//|) |(<r, s)ds 

<c\\n<r,T„)f [‘\\V^A\ + \Ar)(a,s)ds. 

J Tn 

Letting t Z to we conclude 

oo ^ ||/(a,r.)||-^ < TdV^AI + Zd)(a,s)ds. 

J Tn 

This shows in contradiction to (112.2p 

sup (IIV^A||2,2 °(e) + IZI|l2°(s)) = oo. 

0<t<to 

The additional estimates in theorem 112.21 follow from T > to = min(A, tb) 
recalling the dehnitions of t^ and to taking k{n) := 3r(n). □ 
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Proof of theorem \l.l[ Rescaling we may assume p = 1. Let a; G [R". 
Using a suitable cut-off function and integration by parts one obtains 



\VA\‘^dfi < c 



+ c [ 

J B2{x) 




for some constant c = c(n) > 0. 

Covering B 2 {x) C Ujer=r(n)-Bi(xj) we obtain passing to the suprema 

sup / iVApd/i < c sup / lApdp-f c sup / 

x&K.^ J Bi{x) 

Apply theorem 112.21 with 02 = a, ai = ch -t- ca 2 , P = \- 


□ 


Proof of theorem fl.A The proof is, due to the stronger assumptions made, a 
simpler version of the one of theorem 112.21 Rescaling we may assume p = 1. 
Again we take h and have for some T = r(?7,) > 0 and arbitrary A > 0 

e{t) := sup / \A\‘^dfi < T sup / \A\‘^dfr, 

xGR" JBjO xGR^ JBi{x) 

to := sup{0 < t < min(r. A) | £(r) < ST^ for all 0 < r < t} > 0. 
Taking A := as in the proof of theorem 112.21 we derive analogously 

c(n) , 

since by assumption 


sup II/IU”(S) < R- 

If to = then T > which is the required result. 

If to = T, then we have 

c{n) 

° ’ 

sup / lApdp < e, 

0<t<to,3;GR" Jb 2 {x) 

sup ||/||l-(e) < 2R. 

0<t<to 

and the contradiction follows as in the case to = T in the proof of 112.21 
Clearly we may choose k{n) = 3r(n). 

□ 
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13 Appendix 


Lemma 13.1. (Gronwall’s inequality) 

Letu,aE C'°([0,T),^) and 13 e C\[0,T) ^ [F^>q^. Thsfi vjc have 

pt pt ^ 

u{t) < a{t) + / f3{s)u{s) ds u{t) < a{t) + / a{s)(3{s)e-^= 

Jo Jo 

Proof. Consider y{t) := e~JodPP^ f* /3(s)u(s) ds. By assumption 

pt 

y'(t) = - ) 3 {t)e--^od(.Pda / ds + /3(t)M(t)e-^o/5C)rf- 

Jo 

= [u{t)- / f3{s)u{s)ds]f3{t)e-Jod(Pda 

Jo 

Hence by integration 

pt pt 

e-IodPPa I3(s)u{s)ds = y{t)-y{0) < / a{s)l3{s)e-ds, 

Jo Jo 

what proves the claim by multiplicating both sides with eJodiPda^ q 

Let in the following / : S —> IR"' be a smooth immersion. 

Lemma 13.2. For i > 1 we have 

V‘|l/Il"= 5^ (/,V/>»P*(yl)+ Y. {V/.V/)*Pj;(.4) 

2j+k=i—l 2n+m=i—2 

+ Y (/.v‘4)*pi(4). 

l-\-2q-\-p=i—2 

Proof. The claim holds obviously true for i = 1. Inductively 

v+‘||/f = VV‘||/||= 

= E l{^f,^f)*PtM) + {f,A)tP{,{A) + {f,Vf)*P,^;'(A)] 

2j-^k=i—l 

+ Y vv/,v/)»a:.(a) + (v/,v/)*p2™+'(a)] 

2n+m=i—2 

+ E [(v/,vU>*p|,(A) + (/,a^vU + v'+‘.4) + p>’„, 

l-\-2q-\-p=i—2 

+ (/,V'/l) + P|«(yl)|, 
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where d‘^f = A+ Tdf was used. 

Clearly V(V/, V/) = Vc/ = 0 and (V/, V^A) = 0. Hence 

V+‘||/|P= 5^ {/,v/)*p';(.4)+ 5^ {Vf,vf}*PS,(A) 

2j-\-k=i 2n-\-m=i—l 

l+2q-\-p=i — l l-\-2q-\-p=i—2 

We have 

{f,ci^v‘A)=-{atf,v‘A) = -(St(j"’’”(/.a„/>s™/),vU> 

= - »”•”(/, a../)(4a,„/. v'.4) = -£)”•”'(/, a„f}{At„, Va) 
={fyf)*H(A) 


and therefore 

^ (/,a^v'A>»p|’,(A)= 5^ (/. v/> * pj+yA) 

/+2gH-p=^—2 /H-2gH-p=^—2 

= E (/.V/>»Pt(.4). 


□ 

Let P^(|V'H|) denote any term of the type Ilf^-^\V’‘^A\ with Yli=i ^ 
where we freely use k = 0 I = 0 and dehne Pg (|V'H|) = 1. 

Corollary 13.3. For i > 1 we have 

ivii/iri < ll/ll E f'i(iv.4i)+ E pSn(\^'A\). 

l-\-k=i—\ 2n-\-m=i—2 


Proof. Clearly |V/p = g^’^dif,djf) = = h* = dim{YF) and 

E {!yA)*p?_,(A)= E /»C+'i(- 4 )= E s*pHa). 

l+2q+p=i—2 l-\-2q-\-p=i—2 l+k=i—l 


□ 


From this one obtains 
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Corollary 13.4. We have for i>l 


m=l l+k=i—m 

< c(^)ll/ir[|V*"'A| + |V*-3A||A| + |V'-^A|(|VA| + \A\^) + ...] 
+ ll/f[ |V'-=*yl| +|V'-^A| |yl| +...]’ 

+ \\m |V*-^A| +...] 

+ ... , 

where we freely use A: = 0 I = 0 and define Pg (|V'A|) = 1. 

We calculate the scaling behaviour of some geometric objects. 

Lemma 13.5. Let f : S —> be a smooth immersion, d := dimiTi). 

1. Qpf = p^Qf and g~j: = p~^gj for the metric, 

2. Vpf = Tf for the Christoffel symbols, 

3. dppf = p'^dpf for the area measure, 

5- Z](jj,fc)G/(m),i<m+4 ^p/IIP/ll* * 

= V}||/r * Pi{Af) * VJAf. 

Proof. (1) is clear, (2) follows from (1) and 

^i,j = + djgi^rn - dmgi,j). 

(3) follows from 

J{pf) = ^/det{d{pfY o d{pf)) = ^/detijPdfYf) = p‘^Jf. 



To check (4) we derive V^^Apf = pVJAf by Vp/ = V/, the scaling invariance 
of the covariant derivative and a simple induction argument. Hence 


n,.--i*m+ 2 G{l, 2 } 

= alf • • • ■ ■ ■ , 5 w 2 ), {V-fApf){d,^,. . ., d,^J} 

_ ^-2{m+2)+2 ^W2,*h+2 

- P Pf ■■■9f 

{{wfAfM,,. .., ..., d,^j) 

-P 

Likewise we obtain for {i,j, k) G I{m) recalling 


=v;;||p/r * v-Hp^ *... * v;)Hp; * v-^Hp; 

=p-*V}p®||/||® * *... 

... * 

^^-i+8-(ni+l)-...-K+l)-(m+l)y*^||y.||8 ^ ^ VfAf 

=p-^'"-‘)V}||/||»*2P'(A;)»V7A;, 

since ni + ... + = j, i + j + k = m + 5. This proves (5). □ 


The Willmore functional is invariant under inversion for closed surfaces. 


Proposition 13.6. Let f G IR” \ {0}) be a closed immersed surface, 

/ : [R"' \ {0} —y IR"' \ {0} : x —)■ -jj^. Then we have 

^ ^ Whpit^hl = 

where ^f{x) := I{f{x)) for x G S. 

Proof. For the metric we have 

pAf ^ /o _L B _L\ = _ oiMi/l f _ oiM/l f\ 

9« ''ii/ip’^ii/ip' 'ii/ip ii/r-'’ii/p ll/ll- 
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hence To calculate the mean curvature 

= at''’d,i,f = d.dii,f - p^v(d,d,i,f) 


we derive 


didjlf^f =di{ 




^ ii/r 

didjf _ ^{dif, f) 


f) 


1 - 9 ;/ - 2 -^ 141 ^ 9 ,/ 


_ o (M/^ /) r _ r, {dif,djf) {dif,f){djf,f) 

ii/r ^ ii/r ^ ii/r 


and 




/ 


_||.||4 W/nn r . Jdkfj) ,,dif Jdifj) 

— ll/ll 9 f ( d ' lC ' jitt /, ||^||2 ^ ||^||4 // l || i .||9 ^ 11 X 114 j ) 

=gy{didjlif,dkf)dif 

-gf^didjl^f, dkf){dif, /)/ 




f){dkf, f){dif, /)/. 


For the several summands of the mean curvature we obtain 

1 . 


11 / 


■Tf 112 


=\\frgyd,d,f - Aff - 2{gyd,d,f, /)/ - 4/ + 


2 . 


g^i^fgy{d.d,I^f,dkmf 


^P^’(\\ff9yd,d,f - 4/’'' - 2{gyd,djf, /)/ - 4/ + slh^/) 


-wffaydydjf - sft - 2{gya,a,j, f)f >+ 


11 / 


•Tf 112 



,9l^f9y{dAhf,d,f){difJ)f 


;{\\fr9yd,d,f-4ff 


, 11 / 


Tf Il2 


- 2(g'fd.diS, /)/ - 4/ + 8i^/, J‘')f 


T/U2 


= - 2{gyaid,f, fi)f + iU-jy{gyd,d^f, /)/ 


fTf ||4 


+ 16 „ /- 16 II „||, /, 


2 


- 2{gya,aj, /)/ - 4/ + sM^/, /)/t, 


^2{g'/a,a,f,f)f2 + s 


Tf , o ll/^^ll^ 4-r, , o 4'T, 


-/ ^ +8r^ - 16 


11 / 


Tf ||2 


-f 


-9^/;f9y{dfW,f){d,f,f){difJ)f 


l(ll/llV54/-4/^^ 

II f'^/||2 

- /)/ - 4/ + 8^1^/, /) Wf^ff 

= - 4¥^(^;’^a4/, /)/ +16^!^/ - i6^yL/. 



Collecting terms we conclude 
f{. . — J’i 


hf = 9]’;AW - 


11 / 


Tf\\2 


=11/11^54'/ - 4r' - wfw^ /)/ - 4/ + 


- iWffgydf^d.f - 8ff - 2{gydAf: f)A + 




Tf\\2 


■2{gyd,d,f, f')f + /)/ 


+ 16 


11 / 


2 


pTfWA 


II f T p 11/ ll f\ 

Tf- “-iTfiir/) 


( 2 {gYd.d,f,f)f> +S 
||/ T „|2 


ll/^'^lPxTf , ofTf 1^11/^^lP 


-/ ' + 8 / ' - 16J 


2 

■Tf 112 


fn 


-f-4 


/)/ + i 6 ^f^/ - le^fj^/) 


11 / 


Tf ||2 


- 2{gydAf, Wf - 4r^ - 4/ + 8 ^^/ 


11 / 


Tf ||2 


-/■ 


^//;-2(/7^,/)/-4/^/-4/ + 8 
Hence we obtain for the squared absolute value 

\HiA =\\fr\HA - nfAHf, f? - /) + swffwyHf, /) 

- 2\\fr{Hf, fy + MifwyHf, f-y + /) 

+ 8\\f\\yHf,f)-iQ\\fy\yHf,f) 


+ 8\\yf\\yHj, f) + 16||f+ 16||/^/|/ - 32 


, 11 / 


Tf ||4 


MifriHf, f)+mriHf, /) + i6ii/^/|/ + i6ii/i/ - 32|i/2> 


+ 8||f/|/(h/^,/)-16||f/|/(//;,/)-32 


, 11 / 


Tf ||4 


11 / 


Tf ||4 


32||/^/|/ + 64 

111 ir 

+ 8||/|/(//;,/)-16||/^/|/+ 1611/1/ 
= 111 / 1 /^/+ 4/^// 
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By dSUD we have 


Ih/'/j/ph/i/j/ - 


-4 1 




- / \Hf \ d^f + 8 
Jt, Jt. 


(HfJ) 


dfif + IQ 


1 / 


-Lf 12 


-d^if 


and 


0 = jjfVt(\\!V-{as!,f))dH 
.AMiMMill 


_ o / I f Jjiaidjfj) 

■ ■ V/'- W — ^ L 

f _ f 'Mllldn, 

J, ||y.p rfW ,,, ||_f||2 N 

W - r‘,4/./>. 

d^f + 2 I II ^112'^h/ + / 5'/'^-[TTjj^- dfif 


= - 2 


Js lull Js 

|/^/|% , /‘(^^z,/), 

14 + / II f||2 


lu ir zs 

which concludes the proof. 

Lemma 13.7. Let / : S — 

Then we have 


□ 


be a smooth immersion. 


(AH + Q{A^)H)pf = p-%AH + Q{A^)H)f. 

Proof. From lemma 113.51 we infer 

Hpf = Apf{ef,ef) = gy^Apf^d^dj) = p-^gf pAf{di,dj) 
= P~"Hf. 

Therefore the Lapace-Beltrami of the mean curvature becomes 
{CdH)„ = p-'A„{Hj) = 

di d 

= p-\mf- 
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Next we derive for cf 

{Q{A^)H),f = , ef , ef),H,f) 

= p-^g^jg^A^fidk, d^){Alf{d,, d^),Hf) 

= p-^gygf^A%{d,, dj, Hj). 

Since the tracefree part of the second fundamental form satishes by fl2.12p 

Al,(d„dj) =A^f{a,,a,) - igp/(Si,aj)ffp; 

=a.a,(p/) -Pi tIMp!) - lmif).ai{pf))p-'H, 
^iAd,d,f -f Ppi/ - latia,, a,)H,) 

=pA^f{di,dj), 

we conclude 

{Q{A^)H),f = p-^gfgy-A]{d,,d^){A]{dud^),Hf) = p-\Q{A^)H)f. 

□ 

We state two Sobolev-type inequalities. 

Lemma 13.8. Let / : S —)• IR" he a smooth, immersed surface. 

Then we have for u G C'q(S) 

(/ u‘^dp)^<c{ |Vti|dp-|- / |hr||ti|dp), 

Js Jt, Jt, 

where p = pf and c > 0. 

Proof Cf. [2]. □ 

Lemma 13.9. Let / : S —)■ IR"' 6e a smooth, immersed surface. Furthermore 
2 <p<oo,0<m<oo and 0 < a < 1 with ^ ^ + 1 - 

Then we have for u G C'q(S) 

||m||l 2°(S) < c||'u||^J^j.j(||V'U||2,P(S) ||if'u||2,P(s))“, 

where c = c{n,m,p) > 0 . 

Proof. Cf. Theorem 5.6 in pQ. □ 
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We prove some localized interpolation inequalities. 

Let / : S —)■ IR"" be a smooth immersion, d = dim{T,), $ a /-linear form along 
/ and 7 e Co(S) with 0 < 7 < 1, ||V 7 ||loo(s) < A. 

Proposition 13.10. Let 1 < p,q,r < 00 , “ + “ = “) a + (3 = r] + 9 = l. For 

k e {0, s > ap, jdq and < Ui, ^2 < |, <Vi,V 2 < ^ 

we have 

(£ ||/||‘|V4|V(M' 

J [7>0] J [7>0] 

J [7>0] J [7>0] 

+ csA{[ 

J [7>0] J [7>0] 

where 0 ■ cxd := 0, c = c(r, d) and || V 7 ||l<x)(s) < A. 
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Proof. Let k > rjp, 9q. By integration by parts and Holder’s inequality 




<ckj 

+ csA 
=ckj 

+ csA 
<ck{ [ 


k-l 


i^wv^r-^Ydp+c 


Jt, 

f^-^P\<!>\PY-^^Pdp)p 


'[ 7 > 0 ] 


+ c( 


' [ 7 > 0 ] 


+ csA( 


'^iV^rYdp) 




= |Vd>rVf^A) 




fc-i 


'[ 7 > 0 ] 




'[ 7 > 0 ] 


||/f+^2<?|y2^|g^.+«2<7^^)5 


'[ 7 > 0 ] 




=ivd>rV(^A) 


'[ 7 > 0 ] 




The case /c = 0 follows analogously. 


□ 


94 



Corollary 13.11. Let s > p > 2, k E {0, IR>p} , —| m ^ ^ v < 


Then we have 




J [7>0] 

+ c{E,d,p) f [F||/||‘-V + ll/ll‘-"V”'’ +s’‘A’’\\ffY-’‘M’‘dl-i. 

J['y>0] 

Proof. Applying proposition 113.1(11 with 

p = q = 2r, a = p = 1, P = 9 = 0, Ui = Vi = 0 
we obtain for —- < u ■.= vo < —- < v \= Uo < - , since s > 0, 

q — " — p' q — " — p ' ' 




<ck{ \\ff-P\^fYdp)h 
d['y>o] 


\V<!>\PYdp)p 


.^[ 7 > 0 ] J['y>0] 


csA( / ll/f 

i[7>0] 




Monotonicity and convexity of t ^ fa, t > 0, and Young’s inequality yield 




<e / ll/f |V<l>|VrfM + £ / 

•-/s •/ [7>0] 

+ C(£,n,p) / [P||/f-V + ll/f-“V“’'" + AP||/||V-7l<^>rrfM- 

-'[7>0] 


Absorption and replacing (1 — e) by e prove the claim 


□ 
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